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ABSTRACT
We provide the set of equations for non-relativistic fluid dynamics on arbitrary, possibly
time-dependent spaces, in general coordinates. These equations are fully covariant under
either local Galilean or local Carrollian transformations, and are obtained from standard rel-
ativistic hydrodynamics in the limit of infinite or vanishing velocity of light. All dissipative
phenomena such as friction and heat conduction are included in our description. Part of
our work consists in designing the appropriate coordinate frames for relativistic spacetimes,
invariant under Galilean or Carrollian diffeomorphisms. The guide for the former is the
dynamics of relativistic point particles, and leads to the Zermelo frame. For the latter, the
relevant objects are relativistic instantonic space-filling branes in Randers–Papapetrou back-
grounds. We apply our results for obtaining the general first-derivative-order Galilean fluid
equations, in particular for incompressible fluids (Navier–Stokes equations) and further il-
lustrate our findings with two applications: Galilean fluids in rotating frames or inflating
surfaces and Carrollian conformal fluids on two-dimensional time-dependent geometries.
The first is useful in atmospheric physics, while the dynamics emerging in the second is
governed by the Robinson–Trautman equation, describing a Calabi flow on the surface, and
known to appear when solving Einstein’s equations for algebraically special Ricci-flat or
Einstein spacetimes.
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1 Introduction
Ordinary non-relativistic fluid dynamics is described in terms of a basic set of equations:
continuity, energy conservation andmomentum conservation (Euler equation). In most text-
books (as e.g. [1]) the fluid is observed from either inertial, or stationary rotating frames, us-
ing Cartesian or spherical/cylindrical coordinates. Although these set-ups are satisfactory
for most practical purposes, they do not exhaust all possible situations because the equations
at hand are not covariant under Galilean diffeomorphisms i.e. general coordinate transfor-
mations such as t′ = t′(t) and x′ = x′(t,x). Most importantly, the geometry hosting the fluid
is assumed to be three- or two-dimensional Euclidean space. This is a severe limitation, as
we may want to study the fluid moving on a surface, which is neither flat nor static, and
equipped with an arbitrary coordinate system.
Progress has been made over the last decades, sustained by the needs of the space pro-
grams or meteorology [2–7]. Themost recent work [7] beautifully highlights the various con-
tributions, and provides a covariant frame-independent formulation. Still, these authors do
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not address the issue of trading Euclidean space for an arbitrary curved and time-dependent
geometry, and subsequent analyses have focused to the case of static surfaces (see e.g. [8]).
Part of our work consists in filling this gap, and presenting the most general equations de-
scribing a non-relativistic viscous fluid moving on a space endowed with a spatial, time-
dependent metric, and observed from an arbitrary frame. Each geometric object involved
in this description has a well-defined transformation rule under Galilean diffeomorphisms,
making the set of equations covariant.
In order to achieve the above program, we carefully analyze the infinite-light-velocity
limit inside the relativistic fluid equations. Although standard (see §125 of [1] for the original
presentation and [9] for a modern approach), this method has been only partially developed
outside the realm of Minkowski spacetime (as e.g. in [10]). Hence, it has mostly led to non-
relativistic fluids on plain Euclidean space in inertial frames. Choosing the form of a general
spacetime metric such that it allows for a non-relativistic limit, enables us to reach our goal.
Considering the infinite-light-velocity limit in a relativistic framework suggests to study
in parallel the alternative zero-light-velocity limit. This is actually ultra-relativistic, but we
will keep on calling it non-relativistic as it decouples time and contracts the Poincaré group
down to the Carroll group, as originally described in [11].
Carrollian physics has attracted some attention over the recent years [12, 13]. Although
kinematically restricted – due to the vanishing velocity of light, the light-cone collapses to
a line and no motion is allowed – the freedom of choosing a frame is as big as for Galilean
physics though. In particular, the single particle has degenerate motion [14], but extended
instantonic1 objects do still exist and have non-trivial dynamics, making this framework rich
and interesting. Following the pattern described above, we study the corresponding general
set of equations for viscous fluids. The form of the spacetime metric appropriate for the
limit at hand is of Randers–Papapetrou, slightly different from the one used in the former
case, which is the Zermelo form.2 The obtained equations are covariant under Carrollian
coordinate transformations, t′ = t′(t,x) and x′ = x′(x). In order to avoid any confusion, we
will refer to the standard non-relativistic fluids as Galilean, whereas the latter will be called
Carrollian.
Our motivation for the present work is twofold. On the one hand, as already mentioned,
stands the need for a fully covariant formulation of Galilean fluid dynamics, on general
spaces and from arbitrary frames, which might have useful physical applications. On the
other hand, viscous Carrollian fluids were never studied and turn out to emerge in the con-
text of asymptotically flat holography [16], in replacement of the relativistic fluids present in
the usual fluid/gravity holographic correspondence of asymptotically anti-de Sitter space-
1In ordinary relativistic spacetime, we would call these objects tachyonic as they extend in space i.e. outside
the local light-cone. Since the latter is everywhere degenerate in Carrollian spacetimes, instantonic is more
illustrative.
2See [15] for an interesting discussion on Zermelo vs. Randers–Papapetrou forms.
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times [17–20]. Performing this analysis in parallel is useful as both Galilean and Carrollian
groups, and Zermelo and Randers–Papapetrou frames turn out to have intimate duality re-
lationships.
We will start our exposition by designing the appropriate forms for relativistic space-
times, hosting naturally the action of – i.e. being stable under – the two diffeomorphism
groups that we want to survive in the infinite-c or zero-c limits, Secs. 2.1, 2.2. Local Galilean
and Carrollian transformations are elegantly implemented in ordinary particle or instantonic
space-filling brane dynamics, respectively. They are subsequently uplifted into Zermelo and
Randers–Papapetrou metrics for the spacetime. The next step consists in studying ordinary
viscous relativistic fluids on these environments and consider the infinite-c or zero-c limits
in their equations. This is performed in Secs. 3.2 and 3.3, following a concise overview on
relativistic fluids, Sec. 3.1. We find generalized continuity, energy-conservation and Euler
equations for the usual Galilean fluids, as well as a set of two scalar (one for the energy)
and two vector equations for the Carrollian ones. We analyze the covariance properties of
the equations in both cases, and show that these transform as expected. Some examples are
collected in Sec. 4: the Galilean fluid from a rotating frame or on an inflating surface, and
the dynamics of a two-dimensional Carrollian viscous fluid. Further technical details, are
provided in the appendix, where we introduce a new time connection for the Galilean geom-
etry, and both temporal and spatial connections for the Carrollian and conformal-Carrollian
geometry, together with their associated curvature tensors, allowing for a more elegant pre-
sentation of the corresponding covariant equations.
2 Galilean and Carrollian Poincaré uplifts
We present here the relativistic uplifts of Newton–Cartan and Carrollian non-relativistic
structures. In these Lorentzian-signature spacetimes, respectively of the Zermelo and Randers–
Papapetrou form, the Galilean and Carrollian diffeomorphisms are naturally realized, and
the dynamics of free objects smoothly matches the ordinary Galilean and Carrollian dynam-
ics, when the velocity of light becomes infinite or vanishes, respectively.
2.1 From Galileo Galilei . . .
Consider a free particle on an arbitrary d-dimensional space S , endowed with a positive-
definite metric
dℓ2 = aijdxidxj, i, j . . . ∈ {1, . . . ,d}, (2.1)
and observed from a frame with respect to which the locally inertial frame has velocity
w = wi∂i. Its classical (as opposed to relativistic) dynamics is captured by the following
3
Lagrangian:
L(v,x, t) = 1
2Ω2
aij
(
vi −wi
)(
vj −wj
)
(2.2)
with action
S[x] =
∫
C
dtΩL(v,x, t). (2.3)
In this expression:
• aij and wi are general functions of (t,x);3
• vi = dx
i
dt are the usual components of the velocity v = v
i∂i;
• L(v,x, t) appears as a Lagrangian density, with Lagrangian4 L(v,x, t) = ΩL(v,x, t).
Furthermore
• the Lagrange generalized momenta are (indices are lowered and raised with aij and its
inverse)
pi =
∂L
∂vi
=
1
Ω
(vi −wi), (2.4)
• H(p,x, t) = pivi − L(v,x, t) is the Hamiltonian with Hamiltonian densityH = 1ΩH:
H = 1
2
(
p2 +
p ·w
Ω
)
. (2.5)
The existence of an absolute Newtonian time requires Ω be a function of t only, the absolute
time being thus
∫
dtΩ(t). One should stress that keeping general Ω(t,x) does not spoil
the consistency of the system (2.2), (2.3), but invalidates the interpretation of (2.1) as the
spatial metric. Even though in practical situations we can set Ω = 1, its rôle is important
when dealing with general Galilean diffeomorphisms (see (2.11)–(2.15)), in the framework
underlying the above dynamical system: the Newton–Cartan structures [21].5
We can compute the energy density expressing the Hamiltonian (2.5) in terms of the
velocity:
H = 1
2Ω2
aij
(
vi + wi
)(
vj −wj
)
=
1
2Ω2
(
v2 −w2) . (2.6)
As usual −w2/2Ω2 plays the rôle of the potential for inertial forces. Using the energy theorem
(dH/dt = −∂L/∂t) one finds
dH
dt
= − 1
2Ω2
(
vi − wi
)(
vj − wj
)
∂taij +
vi −wi
Ω
∂t
wi
Ω
. (2.7)
3Here x stands for {x1, . . . ,xd}.
4Euler–Lagrange equations are ddt
(
∂L
∂vi
)
= ∂L
∂xi
.
5Some modern references on Newton–Cartan structure are e.g. [22–25].
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The most canonical example of (2.2) is that of a massive particle moving in Euclidean
space E3 with Cartesian coordinates, and observed from a non-inertial frame:
aij = δij, Ω = 1, w(t,x) = x×ω(t)−V(t). (2.8)
Here V(t) is the dragging velocity of the non-inertial frame, ω(t) the angular velocity of its
rotating axes, and v−w = v+V+ω × x is the velocity as measured in the original inertial
frame (Roberval’s theorem).
The action (2.3) is invariant under general Galilean diffeomorphisms i.e. transformations
t′ = t′(t) and x′ = x′(t,x), (2.9)
for which we define the following Jacobian functions:
J(t) =
∂t′
∂t
, ji(t,x) =
∂xi′
∂t
, Jij(t,x) =
∂xi′
∂xj
. (2.10)
The metric components transform as a tensor of S :
a′ij = akl J
−1k
i J
−1l
j , (2.11)
the particle and frame velocities as gauge connections:
v′k =
1
J
(
Jki v
i + jk
)
, (2.12)
w′k =
1
J
(
Jki w
i + jk
)
, (2.13)
and the generalized momenta (2.4) as one-form components:
p′i = pk J
−1k
i ; (2.14)
Ω is just rescaled:
Ω
′ =
Ω
J
. (2.15)
Since J = J(t) and Ω = Ω(t), Galilean transformations lead to Ω′ = Ω′(t′), leaving invariant
the absolute Newtonian time
∫
dtΩ(t) =
∫
dt′Ω′(t′). Observe also that v−w
Ω
is a genuine
vector of S , which ensures the form-invariance of L and thus the covariance of the equa-
tions of motion.
There is a particular Newton–Cartan structure, which is invariant under the Galilean
group: S is the Euclidean space Ed with Cartesian coordinates (aij = δij) and Ω = 1, and the
connection w is constant i.e. independent of (t,x). This system describes the non-relativistic
motion of a free particle in Euclidean space, observed from an inertial frame. The Galilean
5
group acts as 
t
′ = t+ t0,
x′k = Rki x
i +Vkt+ xk0
(2.16)
with all parameters being (t,x)-independent, and Rki the entries of an orthogonalmatrix. The
action of these transformations leave the Lagrangian and the equations of motion at hand
invariant. In more general Newton–Cartan structures, the Galilean group acts in the tangent
space equipped with a local orthonormal frame and it is no more a global symmetry.
The Galilean group is an infinite-c contraction of the Poincaré group. The latter acts
locally in general d+ 1-dimensional pseudo-Riemannian manifolds M . In order to recover
the above Newton–Cartan structure and its class of diffeomorphisms (2.9) in the infinite-c
limit, there is a natural choice for the form of the metric onM :
ds2 = −Ω2c2dt2 + aij
(
dxi − widt
)(
dxj − wjdt
)
. (2.17)
The form (2.17) is required for the functions Ω, aij and wi to transform as in (2.11), (2.13) and
(2.15) under a Galilean diffeomorphism (2.9). Actually, every metric is compatible with the
gauge (2.17), provided aij, wi and Ω, are free to depend on x = (ct,x) = {xµ,µ = 0,1, . . . ,d}.
The existence of a Galilean limit requires, however, Ω to depend on t only. Indeed, the
proper time element for a physical observer is dτ =
√
−ds2/c2 . When c becomes infinite,
lim
c→∞dτ = Ωdt must coincide with the absolute Newtonian time, and this requires the ab-
sence of x-dependence in Ω, as expected from our previous discussion on the dynamics of
(2.3).
The spacetime Jacobian matrix associated with (2.9), reads (using (2.10)):
J
µ
ν (x) =
∂xµ′
∂xν
→
(
J(t) 0
Ji(x) Jij(x)
)
with Ji =
ji
c
. (2.18)
The metric form (2.17) is refered to as Zermelo (see [15]). A relativistic particle moving in
(2.17) is described by the components of its velocity u, normalized as ‖u‖2 = −c2:
uµ =
dxµ
dτ
⇒ u0 = γc, ui = γvi, (2.19)
where the Lorentz factor γ is defined as usual (although here, it depends also on the space-
time coordinates):6
γ(t,x,v) =
dt
dτ
=
1
Ω
√
1− ( v−wcΩ )2
. (2.20)
6Expressions as v2 stand for aijvivj, not to be confused with ‖u‖2 = gµνuµuν.
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Under a Galilean diffeomorphism (2.18), the transformation of the components of u,
u′0 = Ju0, u′i = Jiku
k + Jiu0, u′0 =
1
J
(
u0 − uj J−1jk Jk
)
, u′i = uk J
−1k
i , (2.21)
induces a transformation on vi, which matches precisely (2.12).
The dynamics of the relativistic free particle is described using e.g. the length of the
world-line C as an action:
S[x] =
∫
C
dτ =
∫
C
√
−ds
2
c2
. (2.22)
This is easily computed in the Zermelo environment (2.17), and expanded for large c:
S[x] =
∫
C
dtΩ
√
1− 1
c2Ω2
aij (vi −wi)
(
vj − wj)
=
∫
C
dtΩ
(
1− 1
2c2Ω2
aij
(
vi −wi
)(
vj −wj
)
+O (1/c4)
)
. (2.23)
Hence, the dynamics (2.22), disregarding the first term in (2.23), which is a Galilean invari-
ant, coincides in the infinite-c limit with the dynamics of the non-relativistic action displayed
in (2.3). This shows that (2.17) is the natural relativistic spacetime uplift of a Galilean space
S endowed with a Newton–Cartan structure.
2.2 . . . to Lewis Carroll
The Poincaré group admits another contraction at vanishing c [11]. Although this limit may
sound degenerate as particle motion is frozen, it exhibits both an interesting dynamics and
a rich mathematical structure.
A Euclidean space Ed with Cartesian coordinates, accompanied with a real time line t
can be equipped with a structure alternative to Newton–Cartan’s, known as Carrollian. This
structure is left invariant by the Carrollian group acting as

t
′ = t+ Bixi + t0,
x′k = Rki x
i + xk0
(2.24)
with all parameters being (t,x)-independent, and Rki the entries of an orthogonal matrix.
Invariant equations of motion can be considered for extended objects i.e. fields rather
than particles. Indeed, at zero velocity of light, a particle cannot move in time but time can
define an x-dependent field. The scalar field t(x) describes a d-brane, in other words a space-
filling object in Ed, extended inside a portion of space V ⊂ Ed.7 Its invariant action can be
7Our guide in this section is symmetry, and our goal the adequate Poincaré uplift. The precise physical system
and the nature of its dynamics are of secondary importance. Other systems with Carrollian symmetrymay exist.
It is interesting, though, to maintain a dual formulation for the two sides (Galilean and Carrollian), as for objects
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e.g.
S[t] =
∫
V
ddxL(∂t) (2.25)
with Lagrangian density
L(∂t) = 1
2
δij (∂it− bi)
(
∂jt− bj
)
, (2.26)
where bi are constant parameters with inverse-velocity dimension, playing the rôle of a con-
stant gauge-field background, and transforming by shift and rotation under (2.24): b′i =(
bj + Bj
)
R
−1j
i .
More general Carrollian structures equip Riemannian manifolds S with metric (2.1) and
time t ∈ R. The Carrollian transformations (2.24) are realized locally, in the tangent space,
and are no longer symmetries. The structure is covariant under Carrollian diffeomorphisms
t′ = t′(t,x) and x′ = x′(x) (2.27)
with Jacobian functions
J(t,x) =
∂t′
∂t
, ji(t,x) =
∂t′
∂xi
, Jij(x) =
∂xi′
∂xj
. (2.28)
The covariant action describing the Carrollian dynamics in the more general case at hand is8
S[t] =
∫
V ⊂S
ddx
√
aL(∂t, t,x), (2.29)
where a stands for the determinant of the matrix aij and L(∂t, t,x) is the Lagrangian density:
L(∂t, t,x) = 1
2
aij (Ω∂it− bi)
(
Ω∂jt− bj
)
. (2.30)
Here the components of the metric, the scale factor Ω, and the components of the back-
ground gauge field b = bidxi depend all on (t,x).
Under Carrollian diffeomorphisms, the metric transforms as in (2.11) i.e.
a′ij = Jik J
j
l a
kl , (2.31)
Ω is rescaled as in (2.15) – where everything now depends both on t and x – while the field
gradients and the gauge connection obey respectively
∂′kt
′ = (J∂it+ ji) J−1ik, (2.32)
with dimension-one and codimension-one world-volumes.
8Notice that actions (2.25), (2.29) and (2.37) are all Euclidean-signature (instantonic) because of vanishing c.
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and
b′k =
(
bi +
Ω
J
ji
)
J−1ik. (2.33)
Here
βi = Ω∂it− bi (2.34)
transform as components of a one-form onS , making the density Lagrangian form-invariant.
We will now uplift the above structure into a d + 1-dimensional pseudo-Riemannian
manifold M , where the full Poincaré group is realized in the tangent space. Following the
pattern used in the Galilean framework, Sec. 2.1, we can recover the general Carrollian
structure and its class of diffeomorphisms (2.27) in the zero-c limit, starting from a metric on
M of the form:
ds2 = −c2
(
Ωdt− bidxi
)2
+ aijdxidxj. (2.35)
The form (2.35) is known as Randers–Papapetrou. It is universal, as every metric can be recast
in this gauge. Here, it is required for the functions Ω(x), aij(x) and bi(x) to transform as
in (2.15), (2.31) and (2.33) under a Carrollian diffeomorphism (2.27) – again x ≡ (x0 = ct,x).
The spacetime Jacobian matrix associated with transformations (2.27), reads (using (2.28)):
J
µ
ν (x) =
∂xµ′
∂xν
→
(
J(x) Jj(x)
0 Jij(x)
)
with Ji = cji. (2.36)
The Carrollian dynamics captured in the action (2.29) is the zero-c limit of a relativistic
instantonic d-brane in a spacetime M with Randers–Papapetrou metric (2.35). As already
mentioned (footnote 1), in this context instantonic means that the world-volume does not
extend in time; it is a kind of codimension-one snap shot materialized in a space-like d-
dimensional hypersurface V , coordinated with yi, i = 1, . . . ,d. Under these assumptions, the
Dirac–Born–Infeld action reads:
S[h] =
∫
V
ddy
√
h , (2.37)
where h is the determinant of the induced metric matrix
hij = gµν
∂xµ
∂yi
∂xν
∂yj
(2.38)
with gµν the background metric components.
For the Randers–Papapetrou environment displayed in (2.35), we find:
hij =
∂xk
∂yi
∂xl
∂yj
(
akl − c2 (Ω∂kt− bk) (Ω∂lt− bl)
)
. (2.39)
In this expression, ∂kt stands for ∂t/∂xk. Consequently, we implicitly assume that the functions
xk = xk(yi) are invertible, which is equivalent to saying that one can choose a gauge where
9
yi = xi. This is what happens in practice. Indeed, one can readily compute the root of the
determinant and its expansion in powers of c2. Naming αki =
∂xk
∂yi
, we obtain:
√
h = detα
√
a
(
1− c
2
2
akl (Ω∂kt− bk) (Ω∂lt− bl) +O
(
c4
))
. (2.40)
Hence (2.37) becomes
S[h] =
∫
V
ddx
√
a
(
1− c
2
2
akl (Ω∂kt− bk) (Ω∂lt− bl) +O
(
c4
))
. (2.41)
Neglecting the first term, which is invariant under Carrollian diffeomorphisms (2.27), (2.28),
in the zero-c limit, (2.41) describes the same dynamics as (2.29), (2.30). This result, in close
analogy with the Galilean discussion in the previous section, shows that the form (2.35) is
well-suited for the zero-c limit.
3 Fluid dynamics in the non-relativistic limits
The aim of the present chapter is to exhibit the general fluid equations in the Galilean and
Carrollian structures. This is achieved starting from plain relativistic viscous-fluid dynamics
in the appropriate background – Zermelo or Randers–Papapetrou – and analyzing the asso-
ciated, infinite or vanishing light-velocity limit. By construction, the equations reached this
way are covariant under the corresponding diffeomorphisms. We study here neutral fluids,
moving freely i.e. subject only to pressure, friction forces and thermal conduction processes.
We conclude with some comments on a duality relating the two limits under consideration.
3.1 Relativistic fluids
Free relativistic viscous fluids are described in terms of their energy–momentum tensor
obeying the set of d+ 1 conservation equations
∇µTµν = 0. (3.1)
The time component is the energy conservation, the other d spatial ones, momentum conser-
vation, usually called Euler equations.
The energy–momentum tensor is made of a perfect-fluid piece and terms resulting from
friction and thermal conduction. It reads:
Tµν = (ε+ p)
uµuν
c2
+ pgµν + τµν +
uµqν
c2
+
uνqµ
c2
, (3.2)
and contains d+ 2 dynamical variables:
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• energy per unit of proper volume (rest density) ε, and pressure p;
• d velocity-field components ui (u0 is determined by the normalization ‖u‖2 = −c2).
A local-equilibrium thermodynamic equation of state9 p = p(T) is therefore needed for com-
pleting the system. We also have the usual Gibbs–Duhem relation for the grand potential
−p = ε− Ts with s = ∂p/∂T. The viscous stress tensor τµν and the heat current qµ are purely
transverse:
uµqµ = 0, uµτµν = 0, uµTµν = −qν − εuν, ε= 1c2Tµνuµuν. (3.3)
Hence, they are expressed in terms of ui and their spatial components qi and τij.
The quantities qi and τij capture the physical properties of the out of equilibrium state.
They are usually expressed as expansions in temperature and velocity derivatives, the co-
efficients of which characterize the transport phenomena occurring in the fluid. The trans-
port coefficients can be determined either from the underlying microscopic theory, or phe-
nomenologically. In first-order hydrodynamics
τ(1)µν = −2ησµν − ζhµνΘ, (3.4)
q(1)µ = −κh νµ
(
∂νT +
T
c2
aν
)
, (3.5)
where 10
aµ = uν∇νuµ, Θ =∇µuµ, (3.6)
σµν =∇(µuν) + 1c2u(µaν) − 1dΘhµν, (3.7)
ωµν =∇[µuν] + 1c2u[µaν], (3.8)
are the acceleration, the expansion, the shear and the vorticity of the velocity field, with η,ζ
the shear and bulk viscosities, and κ the thermal conductivity. In the above expressions, hµν
is the projector onto the space transverse to the velocity field, and one similarly defines the
longitudinal projector Uµν:
hµν =
uµuν
c2
+ gµν, Uµν = −
uµuν
c2
. (3.9)
In three spacetime dimensions, the Hall viscosity appears as well in τ(1)µν:
− ζH u
σ
c
ησλ(µ σν)ρ g
λρ, (3.10)
with ησλµ =
√−g ǫσλµ.
9We omit here the chemical potential as we assume no independent conserved current.
10Our conventions for (anti-) symmetrization are A(µν) =
1
2
(
Aµν + Aνµ
)
and A[µν] =
1
2
(
Aµν − Aνµ
)
.
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In view of the subsequent steps of our analysis, an important question arises at this stage,
which concerns the behaviour of qi and τij with respect to the velocity of light. Answering
this question requires a microscopic understanding of the fluid i.e. a many-body (quantum-
field-theory and statistical-mechanics) determination of the transport coefficients. In the ab-
sence of this knowledge, we may consider a large-c or small-c expansion of these quantities,
in powers of c2 – irrespective of the derivative expansion. In the same spirit, we could also
work out similar expansions for each of the functions entering the metrics (2.17) or (2.35),
as these possibly carry deep relativistic dynamics. The advantage of such an exhaustive
analysis would be to set-up general conditions on a relativistic fluid and its spacetime envi-
ronment for a large-c or a small-c regime tomake sense. As a drawback, this approach would
blur the universality of the equations we want to set. We will therefore adopt a more prag-
matic attitude and assume that Ω, bi, wj and aij are c-independent. Regarding the viscous
stress tensor τij, we will assume the following behaviours:
τij = −ΣGij (3.11)
or
τij = −Σ
Cij
c2
− Ξij. (3.12)
The first is appropriate for the Galilean limit. It is standard and considered e.g. in [1], where
ΣGij is named σ
′
ij. For the Carrollian dynamics, our choice is inspired by flat-spacetime holog-
raphy (see [16]). Similarly, for the heat current, we will adopt
qi = Q
G
i, (3.13)
qi = QCi + c2πi, (3.14)
in Galilean and Carrollian dynamics, respectively. Although kinematically poorer – because
at rest, Carrollian fluids carry a richer internal information than their Galilean pendants
since both the heat current and the viscous tensor are doubled in the above ansatz. Observe
the position of the spatial indices, different for the two cases under consideration. They are
designed to be covariant under different classes of diffeomorphisms.
One should finally notice that, in writing the energy–momentum tensor (3.2), we have
notmade any assumption regarding the hydrodynamic frame, which is therefore left generic.11
There are two reasons for this. The first is the absence of a conserved relativistic current,
which makes hydrodynamic-frame conditions delicate. Further subtleties arise when study-
ing the system in special limits such as the Galilean, where the relativistic arbitrariness for
the velocity field is lost, due to the decoupling of mass and energy. This is the second reason.
11The freedom of choosing the hydrodynamic frame was raised in [1]. Modern discussions can be found
in [9, 26, 27] (see also [28]).
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3.2 Galilean fluid dynamics from Zermelo background
The essence of the classical limit
We will consider in the following the ordinary non-relativistic limit of fluid equations, for-
mally reached at infinite c. The physical validity of this situation is based on two assump-
tions.
The first is kinematical: it presumes that the global velocity of the fluid with respect to
the observer is small compared to c. This is easily implemented using the Zermelo form of
the metric (2.17), where the control parameter for the validity of the classical limit is
∣∣ v−w
c
∣∣.
We find 

u0 = γc=
c
Ω
+O (1/c) , u0 = −cΩ +O(1/c) ,
ui = γvi =
vi
Ω
+O (1/c2) , ui =
vi −wi
Ω
+O (1/c2) .
(3.15)
The second is microscopic. The internal particle motion should also be Galilean, in other
words the energy density should be large compared to the pressure: ε ≫ p. This sets re-
strictions on the equation of state, as not every equation of state is compatible with such a
microscopic assumption.12
An important consequence of the microscopic assumption is the separation of mass and
energy, now both independently conserved. It is customary to introduce the following:
• ̺ the usual mass per unit of volume (mass density);
• ̺0 the usual mass per unit of proper volume (rest-mass density);
• e the internal energy per unit of mass;
• h the enthalpy per unit of mass.
These local thermodynamic quantities are related as


ε =
(
e+ c2
)
̺0,
h = e+ p̺ ,
̺0 =
̺
Ωγ
= ̺
√
1− ( v−wcΩ )2 ≈ ̺− ̺2 ( v−wcΩ )2 ,
(3.16)
where we have used Eq. (2.20) for the Lorentz factor γ, and expanded it for small
∣∣ v−w
c
∣∣.
12For example, the conformal equation of state, ε = dp is not compatible with the non-relativistic limit at hand.
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The structure of the equations
The fluid equations are the conservation (3.1) of the energy–momentum tensor (3.2), in the
background (2.17). It is computationally wise to split these equations as:
∇µTµ0 = 0, ∇µTµi = 0. (3.17)
Indeed, applying a Galilean diffeomorphism (2.9), (2.18), the time components up and space
components down transform faithfully and irreducibly. On the divergence of the energy–
momentum tensor we find:
∇′µT′µ0 = J∇µTµ0, ∇′µT′µi = J−1li∇µTµl. (3.18)
Hence, the two sets of equations (3.17) do not mix13 and have furthermore a d-dimensional
covariant transformation, which is our goal for the Galilean fluid dynamics.
The expressions displayed so far are fully relativistic. The next step is to consider the
large-c regime. In this regime, Eqs. (3.17) can be expanded in powers of 1/c. This expansion
must be performed with care as the time equation needs an extra c factor with respect to the
next d spatial equations because it describes the evolution of energy, which is a momentum
multiplied by c. We find:14
c∇µTµ0 = c2 C
Ω
+
E
Ω
+O
(
1
c2
)
, (3.19)
∇µTµi = Mi +O
(
1
c2
)
. (3.20)
At infinite c this leads to d+ 2 equations (rather than d+ 1, since in the Galilean limit, mass
and energy are separately conserved) for ̺, e, p and vi:
• continuity equation (mass conservation) C = 0;
• energy conservation E = 0;
• momentum conservationMi = 0;
this system is completed with the equation of state p = p(e,̺).
It is important to stress that Galilean diffeomorphisms (2.9), (2.10) do not involve c, and
consequently they do not mix the various terms in the expansions (3.19) and (3.20). All d+ 2
13They do mix for general diffeomorphisms though.
14Had we considered Ω = Ω(t,x), the divergence ∇µTµi would have exhibited an extra, dominant term in
the large-c limit: c2∂i lnΩ. The spatial conservation equation, ∇µTµi = 0, would then automatically require the
x-independence for Ω. Notice also the rescaling by Ω in (3.19), which guarantees that C and E are invariants
under Galilean diffeomorphisms, see (3.35).
14
fluid equations reached this way on general backgrounds15 are guaranteed to be covariant
under Galilean diffeomorphisms, and this was one motivation of our work.
The dissipative tensors in Zermelo background
Before displaying the advertised equations, we would like to elaborate on the two tensors
which capture the deviation of the real fluid with respect to the perfect one: the heat current
and the viscous stress tensor.
Orthogonality conditions (3.3) allow to express every component of these tensors in
terms of qi and τij. We assume here the Zermelo form of themetric (2.17), and a fluid velocity
field as in (2.19), (2.20). We find
q0 = −v
iqi
c
, q0 =
(
vi − wi)qi
cΩ2
, qi = aijqj +
wi
(
vj −wj)qj
c2Ω2
. (3.21)
Similarly, the components of the stress tensor are obtained from the τijs. For example:
τ00 =
vkvlτkl
c2
, τ0j = −
vkτkj
c
, τ0j = −
(
vk − wk)τkj
cΩ2
, τ00 =
(
vk − wk)(vl −wl)τkl
c2Ω4
, . . .
(3.22)
We now define QGi = qi as anticipated in (3.13), and
QGi = aijQGj. (3.23)
Similarly, calling for ΣGij introduced in (3.11), we define
Σ
G j
i = Σ
G
ika
kj, ΣGij = aikΣG jk . (3.24)
Using the generic transformation rules of qµ and τµν under spacetime diffeomorphisms, we
find that QG and ΣG introduced above, appearing as classical c-independent objects, trans-
form as they should, namely as d-dimensional tensors under Galilean diffeomorphisms (2.9),
(2.18):
QG′i = Q
G
k J
−1k
i , Q
G′i = JikQ
Gk, (3.25)
ΣG′ij = J
−1k
i J
−1l
jΣ
G
kl , Σ
G′ j
i = J
−1k
i Σ
G l
k J
j
l , Σ
G′ij = ΣGkl Jik J
j
l . (3.26)
Continuity and energy conservation
Using Eq. (3.2) for the energy–momentum tensor Tµν with gµν and uµ given in (2.17) and
(2.19), using Eqs. (3.21), (3.23) for the heat current and (3.22), (3.24) for the stress tensor as
15We stress again that here, as for instance in [29, 30], Galilean fluids evolve on general, curved and time-
dependent spaces S , as opposed to other works on non-relativistic fluid dynamics (see e.g. [31]).
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well as the definitions (3.16), we can perform the large-c expansion of the relativistic en-
ergy conservation equation (3.19). This requires the expansion of the Christoffel symbols,
displayed in App. A.1.
We find the following at O(c2):
C = ∂t
√
a ̺
Ω
√
a
+
1
Ω
∇i̺vi, (3.27)
where a stands for the determinant of the d-dimensional metric aij(t,x), and ∇i is the Levi–
Civita covariant derivative associated with aij(t,x) and Christoffel symbols given in (A.9).
The standard continuity equation C = 0 is thus recovered. It is customary to decompose C
in (3.27) as
∂t
√
a ̺
Ω
√
a
+
1
Ω
∇i̺vi = 1
Ω
d̺
dt
+ ̺θG, (3.28)
where
d
dt
= ∂t + v
i∇i (3.29)
is the material derivative, and
θG =
1
Ω
(
∂t ln
√
a +∇ivi
)
(3.30)
the effective Galilean fluid expansion. The latter combines the divergence of the fluid congru-
ence with the logarithmic expansion of the volume form to produce a genuine scalar under
Galilean diffeomorphisms (2.9), (2.10) (see Eqs. (2.15) and (A.17)). The material derivative
(3.29), in the form 1
Ω
d
dt , is also an “invariant” when acting on a scalar function. This is due to
(2.12), (A.12) and (A.13). When acting on arbitrary tensors, it should be supplemented with
the appropriate w-connection terms, as shown in the appendix, Eq. (A.24).
At the next O(c0) order, we obtain:
E = 1
Ω
√
a
∂t
(
√
a ̺
(
e+
1
2
(
v−w
Ω
)2))
+
1
Ω
∇i
(
̺vi
(
e+
1
2
(
v−w
Ω
)2))
+
1
Ω
∇i
((
vj − wj
)(
pδij − ΣG ij
))
+∇iQGi + 1
Ω
Π
Gij
(
∇iwj + 12∂taij
)
(3.31)
=
̺
Ω
d
dt
(
e+
1
2
(
v−w
Ω
)2)
+
1
Ω
∇i
(
p
(
vi − wi
))
+∇iQGi
− 1
Ω
∇i
((
vj − wj
)
Σ
G i
j
)
+
1
Ω
Π
Gij
(
∇iwj + 12∂taij
)
, (3.32)
where the alternative expression (3.32) is obtained from (3.31) using the continuity equation
C = 0. Here we introduced
Π
Gij = ̺
(
vi −wi)(vj − wj)
Ω2
+ paij − ΣGij, (3.33)
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the components of the Galilean energy–momentum tensor, following [1]. They are expressed
in terms of the fluid velocity, measured in an inertial-like frame, i.e. v−w, and transform
under Galilean diffeomorphisms (2.9), (2.10) as a genuine rank-two d-dimensional tensor on
S (one uses (2.11), (2.12), (2.13), (2.15), and (3.26)):
Π
Gij′ = Jik J
j
l Π
Gkl . (3.34)
Equation E = 0 is the Galilean energy conservation equation for a viscous fluid in motion
on arbitrary, time-dependent d-dimensional space S , and observed from an arbitrary frame
(moving at velocity −w(t,x) with respect to a local inertial frame). In a short while, we will
recast this equation in a suitable form for recognizing the underlying phenomena. Notice
that both friction and thermal conduction occur, driven by the viscous stress tensor ΣG and
the heat currentQG. As opposed to the energy-conservation equation at hand, the continuity
(mass-conservation) equation depends neither on the motion of the observer (w) nor on the
friction properties of the fluid. This is expected because energy is frame-dependent while
mass it is not.
One can check that under Galilean diffeomorphisms (2.9), (2.10):
C ′ = C, E ′ = E . (3.35)
In order to show this, it is convenient to recognize some well-behaved blocks in the expres-
sions at hand, based on the quoted transformation rules. We have gathered this information
in App. A.1, Eqs. (A.16)–(A.19). For (3.35), we also need (3.25), (3.26).
Euler equation
Following the same pattern, we can process the large-c behaviour of the relativistic momentum-
conservation equations. Along with (3.20) we find:
Mi = 1
Ω
√
a
∂t
(√
a ̺
vi −wi
Ω
)
+
1
Ω
∇j
(
̺wj
(
vi − wi
Ω
))
+
̺
Ω
(
vj − wj
Ω
)
∇iwj +∇jΠG ji
(3.36)
with ΠG ji as in (3.33). The equation Mi = 0 is the ultimate generalization of the standard
Euler equation, displayed e.g. in Ref. [1]. It is remarkably simple. The second and third
terms in (3.36) contribute to inertial forces (Coriolis, centrifugal etc.), and are usually absent
in Euclidean space with inertial frames. Together with the first term, they provide the com-
ponents of a one-form on S transforming as v−w
Ω
(see (A.21), (A.22)). This is also howMi
behave under Galilean diffeomorphisms (2.9), (2.10):
M′i = J−1liMl. (3.37)
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The Euler equation (3.36) contains the acceleration γG = γGidx
i of the Galilean fluid. This
is defined covariantly as
ai = γ
G
i +O(1/c2) (3.38)
with ai the spatial components of the relativistic fluid acceleration as in (3.6). We find:
Ω
2γGi = Ω
dvi/Ω
dt
−Ω∂twi/Ω− 12∂iw
2 − vj (∂jwi − ∂iwj) (3.39)
with d/dt defined in (3.29). In this expression, γGi appear as the components of the accel-
eration in the local inertial frame and dvi/Ω
Ωdt are the components of the effectively measured
acceleration in the coordinate frame at hand. In the right hand side, the second term is
the dragging acceleration, the third accounts for the centrifugal acceleration, and the last is
Coriolis contribution. We can alternatively write (3.39) as
γGi =
d(vi−wi)/Ω
Ωdt
− 1
2
∂i
w2
Ω2
+
vj
Ω
∇i
wj
Ω
=
D(vi−wi)/Ω
Ωdt
, (3.40)
where we used the Galilean covariant time-derivative (A.25) in the second equality.
By construction, the γGis transform as components of a genuine d-dimensional form and
γGi = aijγGj as a vector, under Galilean diffeomorphisms (2.9), (2.10):
γG′i = J
−1l
iγ
G
l. (3.41)
One can also check explicitly the covariance of (3.39) using (A.22). Using γGi in (3.39) and
the expression (3.33) for the Galilean energy–momentum tensor, we can recastMi in (3.36)
à la Euler:
Mi = ̺γGi + ∂ip−∇jΣG ji . (3.42)
Energy and entropy
The momentum equationMi = 0 together with continuity equation C = 0 can also be used
in order to provide a sharper expression for E given in (3.31), and leading to:
1
Ω
√
a
∂t
(√
a ̺
(
e+
v2 −w2
2Ω2
))
= −∇iΠGi − 12Ω Π
Gij∂taij + ̺
vj − wj
Ω2
∂t
wj
Ω
. (3.43)
In this equation, ̺
(
e+ v
2−w2
2Ω2
)
is the total energy density of the fluid in the natural, non-
inertial frame. The energy density has three contributions: e̺ as internal energy, the kinetic
energy ̺v2/2Ω2, and the potential energy of inertial forces −̺w2/2Ω2 (see (2.6) for the free par-
18
ticle paradigm). Furthermore
Π
Gi = ̺
vi
Ω
(
h+
v2 −w2
2Ω2
)
+ QGi − v
j
Ω
Σ
G i
j (3.44)
appears as the Galilean energy flux. It receives contributions from the enthalpy, the kinetic
and inertial-potential energies, as well as from dissipative processes: thermal conduction
and friction, with the corresponding heat current QG and viscous stress current −v·ΣG/Ω.
The general energy conservation equation E = 0 has now a simple interpretation: the time
variation of energy in a local domain is due to the energy flux through the frontier plus the
external work due to the time dependence of aij and wi (as for the free particle (2.7)).
Dissipative processes create entropy. One can readily determine the variation of the latter
by recasting the energy variation in a manner slightly different than (3.43). For that we
compute E − vi−wi
Ω
Mi with (3.31), (3.40), (3.42). We find, using continuity and (3.30):
E − v
i −wi
Ω
Mi = ̺
Ω
de
dt
+ pθG +∇iQGi − 1
Ω
Σ
Gij
(
∇ivj + 12∂taij
)
. (3.45)
In this expression, we can trade the energy per mass e, for the entropy per mass s, obeying
de = Tds− pdv = Tds+ p
̺2
d̺, (3.46)
where v = 1/̺. Substituting (3.46) in (3.45), and trading d̺/dt for −Ω̺θG (continuity), we
obtain finally, owing to E =Mi = 0:
̺T
Ω
ds
dt
=
1
Ω
Σ
Gij
(
∇ivj + 12∂taij
)
−∇iQGi. (3.47)
The entropy is not conserved as a consequence of friction and heat conduction, which encode
dissipative processes. The latter are globally captured in a generalized dissipation function
ψ =
1
Ω
Σ
Gij
(
∇ivj + 12∂taij
)
−∇iQGi, (3.48)
appearing both in energy and entropy equations (3.45), (3.47). Observe that ψ depends ex-
plicitly on Christoffel symbols as well as on the time variation of the metric. Hence time
dependence and inertial forces contribute the dissipation phenomena.16
16 The effect of inertial forces on dissipation has been recently studied by simulation of flows on curved static
films without heat current (i.e. d = 2, Ω = 1, w = 0, ∂taij = 0, QG = 0) [8]. One might consider performing
similar simulations or experiments for probing the more general sources of dissipation present in (3.48).
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First-order Galilean hydrodynamics and incompressible fluids
The viscous stress tensor ΣG and the heat current QG are constructed phenomenologically
as velocity and temperature derivative expansions. Since these objects transform tensori-
ally under Galilean diffeomorphisms (see (3.25), (3.26)), they must be expressed in terms of
tensorial derivative quantities.
At first order, we have θG defined in (3.30), which is an invariant, and
1
Ω
(
∇(kvl) +
1
2
∂takl
)
, (3.49)
which is a rank-two symmetric tensor (see (A.19)). We can therefore set
ΣG
(1)ij = 2η
GξGij + ζ
Gaijθ
G, (3.50)
QG
(1)i = −κG∂iT. (3.51)
The transport coefficients are as usual the shear viscosity ηG, coupled to the Galilean shear,
ξGij =
1
Ω
(
∇(ivj) +
1
2
∂taij
)
− 1
d
aijθ
G, (3.52)
which receives also contributions from the derivative of the metric; the bulk viscosity ζG,
coupled to the Galilean expansion, and the thermal conductivity κG coupled to the temper-
ature gradient.
Using the definitions of relativistic expansion and shear (3.6), (3.7), we can find their
behaviour at large c in the Zermelo background:
σij = ξ
G
ij +O (1/c2) , (3.53)
Θ = θG +O (1/c2) . (3.54)
For completeness we also display the leading behaviour of the vorticity (3.8), even though it
plays no rôle in first-order hydrodynamics:
ωij =
1
Ω
(
∂[i(v− w)j]
)
+O (1/c2) . (3.55)
Since furthermore the transverse projector (3.9) is hij = aij + O (1/c2), using (3.4) and (3.5)
together with (3.11) and (3.38), we find indeed (3.50) and (3.51) (by definition QGi = qi).
It is important to stress at this point that transport coefficients are determined as modes
of microscopic correlation functions, and are therefore sensitive to the velocity of light. In
writing (3.11), we have assumed the following large-c behaviour:
η = ηG +O(1/c2) , ζ = ζG +O(1/c2) , κ = κG +O (1/c2) . (3.56)
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The case d = 2 is peculiar because ΣG(1)ij admits an extra term:
ζGH ηk(i ξ
G
j)l a
kl =
ζGH
2Ω
(
ηk(i∇j)vk + ηk(i aj)l
(
∇kvl − ∂t
√
a akl√
a
− akl∇mvm
))
(3.57)
with ηkl =
√
a ǫkl . This is indeed (up to a global sign) the infinite-c limit of the relativistic
Hall-viscosity contribution in three spacetime dimensions given in (3.10), assuming again
ζH = ζ
G
H +O (1/c2).
We can now combine the first-derivative contribution (3.50) of the viscous stress tensor
with expression (3.42) forMi in order to obtain themomentum conservation equationMi =
0 of first-order Galilean hydrodynamics. We obtain
̺γGi + ∂ip−
ηG
Ω
(
∆vi + r
j
i vj + aika
jl∂tγ
k
jl
)
−
(
ζG +
d− 2
d
ηG
)
∂iθ
G = 0, (3.58)
where ∆ = ∇i∇i is the Laplacian operator in d dimensions and rij the Ricci tensor of the
d-dimensional Levi–Civita connection γkij. Similarly, substituting (3.50), (3.51) and (3.52) in
(3.47), we find the entropy equation in first-order hydrodynamics on general backgrounds:
̺T
Ω
ds
dt
=
2ηG
Ω2
((∇ivj)(∇ivj)+ (∇ivj)∂taij − 14(∂taij)(∂taij)
)
+
(
ζG − 2η
G
d
)(
θG
)2
+ κG∆T,
(3.59)
where we assumed κG constant (otherwise the last term would read ∇i(κG∇iT)).
A special class of Galilean fluids deserves further analysis. These are the incompressible
fluids for which ̺(t,x) obeys
d̺(t,x)
dt
= 0 (3.60)
with d/dt the material derivative defined in (3.29). Using the expressions (3.27) and (3.28), we
recast the incompressibility requirement as the vanishing of the effective fluid expansion:
θG = 0. (3.61)
In this case, the bulk viscosity drops from the stress tensor (3.50) and the Galilean shear (3.52)
simplifies. The first-order hydrodynamics momentum equation for an incompressible fluid
thus reads:
̺
dvi/Ω
Ωdt
= ̺
dwi/Ω
Ωdt
+
̺
2
∂i
w2
Ω2
− ̺v
j
Ω
∇i
wj
Ω
− ∂ip+ η
G
Ω
(
∆vi + r
j
i vj + aika
jl∂tγ
k
jl
)
. (3.62)
We immediately recognize in this expression the generalized covariant Navier–Stokes equation,
valid for incompressible fluids on any space S , observed from an arbitrary frame. The first
three terms in the right-hand side are contributions of frame inertial forces, the fourth is
the pressure force, and next come the friction forces at first-order derivative. For Euclidean
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space with Ω = 1 and w = 0 we recover the textbook form
dv
dt
= −grad p
̺
+
ηG
̺
∆v. (3.63)
3.3 Carrollian fluid dynamics from Randers–Papapetrou background
Preliminary remarks
As Carrollian particles, Carrollian fluids have no motion. From a relativistic perspective
this is an observer-dependent statement, since boosts can turn on velocity. In the limit of
vanishing velocity of light, however, these transformations are no longer permitted. Hence,
being at rest becomes a genuinely intrinsic feature.
The fluid velocity must be set to zero faster than c in order to avoid blow-ups in the
energy–momentum conservation. The appropriate scaling, ensuring a non-trivial kinematic
contribution is
vi = c2Ωβi +O
(
c4
)
, (3.64)
where vi = ui/γ. This leaves the Carrollian fluid with a kinematic variable β = βi∂i of inverse-
velocity dimension, as in (2.34) for the one-body Carrollian dynamics studied in Sec. 2.2 –
reason why we keep the same symbol. In order to reach covariant Carrollian fluid equations
by expanding the relativistic fluid equations at small c, we need to define the βis in such a
way that they transform as components of a genuine Carrollian vector under (2.27), (2.36)
already at finite c. This is achieved by setting
vi =
c2Ωβi
1+ c2βjbj
⇔ βi = v
i
c2Ω
(
1− vjbj
Ω
) , (3.65)
from which one checks that17
βi′ = Jijβ
j. (3.66)
The full fluid congruence reads then:


u0 = γc =
c
Ω
1+ c2β · b√
1− c2β2 =
c
Ω
+O
(
c3
)
, u0 = − cΩ√
1− c2β2 = −cΩ +O
(
c3
)
,
ui = γvi =
c2βi√
1− c2β2 = c
2βi +O
(
c4
)
, ui =
c2 (bi + βi)√
1− c2β2 = c
2 (bi + βi) +O
(
c4
)
,
(3.67)
17This is easily proven by observing that βi + bi = −Ωuicu0 . We define as usual bi = aijbj, βi = aijβj, vi = aijvj,
b2 = bib
i, β2 = βiβi and b · β = biβi.
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where the Lorentz factor has been obtained by imposing the usual normalization ‖u‖2 = −c2:
γ =
1+ c2β · b
Ω
√
1− c2β2 =
1
Ω
(
1+
c2
2
β · (β + 2b) +O
(
c4
))
. (3.68)
In the relativistic regime, i.e. before taking the zero-c limit, in the Randers–Papapetrou back-
ground (2.35) the perfect part of the energy–momentum tensor reads then:


T 0perf 0 = −ε− c2(ε+ p)βk (bk + βk) +O
(
c4
)
,
cΩT 0perf i = c
2(ε+ p) (bi + βi) +O
(
c4
)
,
c
Ω
T
j
perf 0 = −c2(ε+ p)βj +O
(
c4
)
,
T
j
perf i = pδ
j
i + c
2(ε+ p)βj (bi + βi) +O
(
c4
)
.
(3.69)
The non-perfect part is encoded in Eqs. (3.2), (3.12) and (3.14). Notice, on the one hand, that
for vanishing βi, these expressions are exact at finite c: most of the terms of order c2 vanish as
do all non-displayed higher-order contributions in c2; on the other hand, for vanishing c, one
recovers the perfect energy–momentum of a fluid at rest due to the simultaneous vanishing
of vi as a consequence of (3.64).
The eventual absence of motion, macroscopic or microscopic, and the shrinking of the
light-cone raise many fundamental questions regarding the origin of pressure, temperature,
thermalization, entropy etc. One may wonder in particular what causes viscosity and ther-
mal conduction, what replaces the temperature derivative expansion of qi, what justifies its
behaviour (3.12). Even the propagation of a signal such as sound, if possible, should be re-
considered. It is tempting to claim that all this physics will be mostly of geometric nature
rather than many-body statistics, because as we will see the only kinematic Carrollian-fluid
variable β enters partly the dynamics.
We have no definite answers to all these questions though, and will not discuss these
important issues here, which might possibly require to elaborate on space-filling branes as
microscopic objects – see Sec. 2.2. Our approach will be kinematical, aiming at writing the
fundamental equations, covariant under Carrollian diffeomorphisms (2.27), (2.36), starting
from the relativistic equations (3.1). Alternative paths may exist, allowing to built some
Carrollian dynamics without using the zero-c limit of a relativistic fluid.18
18In this spirit, one should quote the attempt made in [32], inspired by the membrane paradigm – admittedly
suited for reaching Galilean rather than ultra-relativistic fluid dynamics, as well as Ref. [33], mostly focused on
the structure of the energy–momentum tensor of perfect fluids (3.69), which also touches on Carrollian symme-
try.
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The structure of the equations
The relativistic equations (conservation of the energy–momentum tensor) should now be
presented as
∇µTµ0 = 0, ∇µTµi = 0. (3.70)
Under Carrollian diffeomorphisms (2.27), (2.36), the divergence of the energy–momentum
tensor transforms as:
∇′µT′µ0 =
1
J
∇µTµ0, ∇′µT′µi = Jil∇µTµl. (3.71)
In analogy with the Galilean case (3.17), the two sets of equations (3.70) have separately a
d-dimensional covariant transformation. This is part of the agenda for the Carrollian dy-
namics.
Equations (3.70) are relativistic. Using the general energy–momentum tensor (3.2) with
perfect part (3.69) and (3.12) as stress tensor, we find generally:
c
Ω
∇µTµ0 =
1
c2
F + E +O(c2) , (3.72)
∇µTµi = 1
c2
Hi + G i +O(c2) . (3.73)
For zero βi, these expressions are exact with extra terms of order c2 only, and requiring they
vanish leads to the d + 1 fully relativistic fluid equations. With βi , 0, (3.72) and (3.73)
are genuinely infinite series. Thanks to the validity of (3.66) at finite c, Carrollian diffeo-
morphisms do not mix the different orders of these series, making each term Carrollian-
covariant. Here, we are interested in the zero-c limit, and in this case Eqs. (3.72) and (3.73)
split into 2+ 2d distinct equations:
• energy conservation E = 0;
• momentum conservation G i = 0;
• constraint equations F = 0 and Hi = 0.
All of these are covariant under Carrollian diffeomorphisms (2.27), (2.36).
The Carrollian fluid, obtained as Carrollian limit of a relativistic fluid in the appropriate
(Randers–Papapetrou) background, is described in terms of the d βis, and the two variables p
and ε.19 The latter are related through an equation of state and the energy-conservation equa-
tion E = 0. As we will see soon, the other 2d+ 1 equations are setting consistency constraints
among the 2d components of the heat currents (QCi and πi), the d(d+ 1) components of the
viscous stress tensors (ΣCij and Ξij), the inverse-velocity components β
i and the geometric
19The proper energy density cannot be split in mass density and energy per mass, because the limit at hand
is ultra-relativistic. Observe also that b is not a fluid variable but a Carrollian-frame parameter as was w in the
Galilean case. The fluid kinematical variable is β, playing the rôle v−w
Ω
had in the usual non-relativistic case.
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environment. Geometry is therefore expected to interfere more actively in the dynamics of
Carrollian fluids, than it did for Galilean hydrodynamics. Some of the aforementioned con-
straints are possibly rooted to more fundamental microscopic/geometric properties, yet to
be unravelled. Their usage will be illustrated in Sec. 4.2.
The dissipative tensors in Randers–Papapetrou background
For a relativistic fluid in the Randers–Papapetrou background (2.35), using the velocity field
in (3.64) and (3.67) and the components qi, the transversality conditions (3.3) lead to
q0 =
c
Ω
(bi + βi) q
i, q0 = −cΩβiqi, qi =
(
aij + c
2biβ j
)
qj. (3.74)
Similarly, the components of the viscous stress tensor are obtained from the τijs. For exam-
ple:
τ00 =
c2
Ω2
(bk + βk) (bl + βl)τ
kl , τ0i =
c
Ω
(bi + βi)τ
ik, τ00 = c2Ω2βkβlτkl ,
τ0i = −cΩβ j
(
aik + c
2biβk
)
τ jk, τij =
(
aik + c
2biβk
)(
ajl + c
2bjβl
)
τkl , . . .
(3.75)
Under Carrollian diffeomorphisms (2.27), (2.36), we obtain the following transformation
rules
q′i = qj Jij , τ
′ij = τkl Jik J
j
l . (3.76)
This suggests to use qi as components for the Carrolian d-dimensional heat current decom-
posed as QCi+ c2πi (see (3.14)), and τij for the Carrolian d-dimensional viscous stress tensors
ΣCij and Ξij defined in (3.12). We introduce as usual
QCi = aijQ
Cj, ΣC ji = aikΣ
Ckj, ΣCij = ajkΣ
C k
i , (3.77)
πi = aijπ
j, Ξ ji = aikΞ
kj, Ξij = ajkΞ ki . (3.78)
Using the generic transformations (3.76) under Carrollian diffeomorphisms (2.27), (2.28),
we find that the above quantities transform as they should, for being eligible as d-dimensional
tensors:
QC′i = Q
C
j J
−1j
i , Q
C′i = JijQ
Cj, (3.79)
ΣC′ij = J
−1k
i J
−1l
jΣ
C
kl , Σ
C′ j
i = J
−1k
i Σ
C l
k J
j
l , Σ
C′ij = ΣCkl Jik J
j
l , (3.80)
and similarly for πi and Ξjk.
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Scalar equations
The computation of the spacetime divergence in (3.72) is straightforward and leads to the
following:
E = −
(
1
Ω
∂t +
d+ 1
d
θC
)(
ε+ 2βiQCi − βiβ jΣCij
)
+
1
d
θC
(
Ξ
i
i − βiβ jΣCij + ε− dp
)
−(∇ˆi + 2ϕi)(QCi − β jΣCij)− (2QCiβj − Ξij) ξCij, (3.81)
F = ΣCijξCij +
1
d
Σ
Ci
iθ
C, (3.82)
where we have introduced a new covariant derivative ∇ˆi, as defined in the appendix, Eqs.
(A.45)–(A.53). It is based on a new torsionless andmetric-compatible connection (see (A.61)–
(A.65)) dubbed Levi–Civita–Carroll, which plays for Carrollian geometry the rôle of ordinary
Levi–Civita connection for ordinary geometry, i.e. it allows to built derivatives covariant
under Carrollian diffeomorphisms (2.27), (2.28). Some further properties regarding the cur-
vature of this connection are displayed in (A.66)–(A.78). A deeper investigation of this struc-
ture is out of place here. In (3.81) and (3.82) we have moreover defined
ϕi =
1
Ω
(∂tbi + ∂iΩ) , (3.83)
θC =
1
Ω
∂t ln
√
a . (3.84)
These expressions describe a form and a scalar (see (A.42) and (A.41) for their transformation
rules under Carrollian diffeomorphisms). They play the rôle of inertial acceleration and expan-
sion for the Carrollian fluid. These are both geometrical and the qualifier “inertial” refers to
the frame (i.e. bi and Ω) origin. We shall see in a moment that there is an extra contribution
to the Carrollian fluid acceleration due to the kinematical observable βi, but none for the
expansion (see (3.95), (3.96)). As already stated and readily seen by its equations, most of the
fluid properties are of geometrical nature. One similarly defines an inertial vorticity two-form
with components
̟ij = ∂[ibj] + b[iϕj], (3.85)
and the traceless and symmetric shear tensor
ξCij =
1
Ω
(
1
2
∂taij − 1
d
aij∂t ln
√
a
)
. (3.86)
These quantities will be related in a short while to the ordinary relativistic counterparts (see
(3.98) and (3.97)). The former receives a fluid kinematical contribution, as opposed to the
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latter. Eventually, we can elegantly check that
E ′ = E , F ′ = F (3.87)
(we use for that Eqs. (2.31), (3.79), (3.80), (A.42), (A.43), (A.50)–(A.59)).
Equation F = 0 sets a geometrical constraint on the Carrollian stress tensor ΣC, whereas
E = 0 is the energy conservation. Using (3.81), the latter can be recast as follows:
(
1
Ω
∂t + θ
C
)
ee = −
(∇ˆi + 2ϕi)ΠCi −ΠCij
(
ξCij +
1
d
θCaij
)
, (3.88)
and in this form it bares some resemblance with the Galilean homologous equation (3.43). It
exhibits three Carrollian tensors, which capture the Carrollian energy exchanges:
ee = ε+ 2βiQCi− βiβ jΣCij, ΠCi = QCi− β jΣCij, ΠCij = QCiβj + βiQCj+ paij −Ξij. (3.89)
The first is a scalar ee, which can be interpreted as an effective Carrollian energy density (ob-
serve the absence of kinetic energy, expected from the vanishing velocity). Its time variation,
including the dilution/contraction effects due to the expansion, is driven by the gradient of a
Carrollian energy flux, which is the vector ΠCi, and by the coupling of the shear to a Carrollian
energy–momentum tensor ΠCij.
Vector equations
The vectorial part of the divergence is obtained from (3.73) and has two pieces. The first
reads:
Gj =
(∇ˆi + ϕi)ΠCij + ϕjee + 2ΠCi̟ij +
(
1
Ω
∂t + θ
C
)(
πj + β j
(
ee − 2βiΠCi − βiβkΣCik
))
+
(
1
Ω
∂t + θ
C
)(
βk
(
Π
C
kj −
1
2
βkΠ
C
j −
1
2
βkβ
i
Σ
C
ij
))
. (3.90)
The second is as follows:
Hj = −
(∇ˆi + ϕi)ΣCij +
(
1
Ω
∂t + θ
C
)
Π
C
j. (3.91)
Equation Gj = 0 involves ε, p and their temporal and/or spatial derivatives, β, the heat
currentQC, andΞ, expressed in terms of the effective energy density ee, the Carrollian energy
flux and energy–momentum tensorΠC, as well asπ andΣC. It is a momentum conservation.
Notice also the coupling of the energy flux to the inertial vorticity. EquationHj = 0 depends
neither on ε nor on p. This is an equation for the Carrollian energy flux ΠC and the viscous
stress tensor ΣC, of geometrical nature as it involves the metric a, the Carrollian “frame
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velocity” b and the inertial acceleration ϕ.
Under Carrollian diffeomorphisms (2.27), (2.28), using the already quoted equations,
(2.31), (3.79), (3.80), and (A.42)–(A.60), we obtain:
G ′i = JijG j, H′i = JijHj. (3.92)
One should observe at this point that the energy–momentum tensor and energy flux
associated with a Carrollian fluid and defined in (3.89) are merely a repackaging of part of
the dynamical data. They do not capture all perfect and friction quantities, as it happens
for Galilean fluids, Eqs. (3.33) and (3.44). Equation F = 0, as well as the vector equations
need indeed more information than the energy–momentum tensor and energy flux. There is
pressure, energy density and “velocity”, on the one hand, and on the other hand, we find the
two heat currents and the two viscous stress tensors. The zero-c limit produces a decoupling
in the equations, sustained by the scaling assumption (3.12). This is the reason why Hj = 0
appears as an equation for the dissipative pieces of data only, while the non-dissipative ones
mix with the heat currents inside Gj = 0.
Carrollian perfect fluids
We would like to end this chapter with a remark on the case of perfect fluids, namely fluids
with vanishing dissipative tensors. For those, the dynamical variables are ε, p and βi, with
ee = ε, ΠCj = 0 and Π
C
ij = paij . In this case, F =Hi = 0 identically, and
E = − 1
Ω
∂tε− (ε+ p)θC , (3.93)
Gj = (ε+ p)
(
ϕj + γ
C
j + β jθ
C
)
+
β j
Ω
∂t(ε+ p) + ∂ˆjp. (3.94)
On the one hand, non-trivial energy exchanges can only result from time-dependence of the
metric and pressure gradients. The latter, on the other hand, are bound to non-trivial β, γC,
b and Ω. Here γCj is the kinematical acceleration defined later in (3.99).
For perfect fluids, only E and Gi survive in the relativistic divergence of the energy–
momentum tensor, Eqs. (3.72) and (3.73). Furthermore, for zero β these are actually the only
terms, at finite c. Hence, the relativistic equations are not affected by the vanishing-c limit,
and coincide with the Carrollian ones: E = 0 and Gi = 0. As a consequence, the Carrollian
nature of a fluid at β = 0 can only emerge through interactions. This is to be opposed to
the Galilean situation, since Galilean perfect fluids are definitely different from relativistic
perfect fluids, even at rest.
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First-order Carrollian hydrodynamics
In order to acquire a better perspective of Carrollian fluid dynamics, we can study the first-
order in derivative expansion of its viscous tensors and heat currents. The first-derivative
relativistic kinematical tensors as acceleration and expansion (3.6), shear (3.7), and vortic-
ity (3.8), for a fluid with velocity vanishing as (3.64) when c → 0 in Randers–Papapetrou
background (2.35) read (the only independent components are the spatial ones):
ai =
c2
Ω
(∂t (bi + βi) + ∂iΩ) +O
(
c4
)
= c2
(
ϕi + γ
C
i
)
+O
(
c4
)
, (3.95)
Θ =
1
Ω
∂t ln
√
a +O
(
c2
)
= θC +O
(
c2
)
, (3.96)
σij =
1
Ω
(
1
2
∂taij − 1
d
aij∂t ln
√
a
)
+O
(
c2
)
= ξCij +O
(
c2
)
, (3.97)
ωij = c
2
(
∂[ibj] +
1
Ω
b[i∂j]Ω +
1
Ω
b[i∂tbj] +wij
)
+O
(
c4
)
= c2
(
̟ij +wij
)
+O
(
c4
)
. (3.98)
We find the corresponding Carrollian expansion θC and shear ξCij, as already anticipated in
(3.84) and (3.86). These quantities are purely geometric and originate from the time depen-
dence of the d-dimensional spatial metric. Similarly, the relativistic acceleration and vorticity
allow to define the already introduced Carrollian, inertial acceleration ϕi and vorticity ̟ij,
as well as the kinematical acceleration γCi and kinematical vorticity wij defined as:
γCi =
1
Ω
∂tβi, (3.99)
wij = ∂ˆ[iβ j] + β[iϕj] + β[iγ
C
j]. (3.100)
Starting from the first-order relativistic viscous tensor (3.4) and heat current (3.5), in order to
comply with the behaviours (3.12) and the definition of the Carrollian heat currents (3.14),
we must assume that (up to possible higher orders in c2)
η = η˜ +
ηC
c2
, ζ = ζ˜ +
ζC
c2
, κ = c2κ˜ ++κC. (3.101)
Hence, putting these equations together, we find
Σ
C
(1)ij = 2η
CξCij + ζ
CθCaij, (3.102)
QC(1)i = −
κC
Ω
(∂t(biT) + βi∂tT + ∂i(ΩT))
= −κC
(
∂ˆiT + T
(
ϕi + γ
C
i
))
, (3.103)
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and similarly for Ξ(1)ij andπ(1)i. These quantitieswill include respectively terms like 2η˜ξCij+
ζ˜θCaij and −κ˜
(
∂ˆiT + T
(
ϕi + γ
C
i
))
, plus extra terms coupled to ηC, ζC and κC, and originat-
ing from higher-order contributions in the c2-expansion of the relativistic shear, acceleration
and expansion. Notice that these are absent for vanishing βi because in this case (3.95)–(3.98)
are exact.
All the above expressions are covariant under Carrollian diffeomorphisms (2.27), (2.28)
(see formulas (A.40)–(A.43) in appendix). The friction phenomena are geometric and due
to time evolution of the background metric aij. The heat conduction, depends also on a
temperature, which has not been defined in Carrollian thermodynamics due to the absence
of kinetic theory.
In the two-dimensional case one should take into account the Hall viscosity (3.10) in the
relativistic viscous tensor at first order. Assuming again ζH = ζ
C
H/c2 + ζ˜H, the extra term to be
added to ΣC
(1)ij in (3.102) reads:
ζCH
√
a ǫk(iξ
C
j)la
kl , (3.104)
and similarly for Ξ(1)ij with transport coefficients ζ˜H and ζCH as already explained.
The final first-order Carrollian equations are obtained by substituting ΣC
(1)ij and Q
C
(1)i
given in (3.102) and (3.103), and similarly for Ξ(1)ij, and π(1)i, inside the general expressions
for E , F , Gi and Hi, Eqs. (3.81), (3.82), (3.90) and (3.91).
Conformal Carrollian fluids
Carrollian fluids are ultra-relativistic and are thus compatible with conformal symmetry. For
conformal relativistic fluids the energy–momentum tensor (3.2) is traceless and this requires
ε = dp, τµµ = 0. (3.105)
In the Carrollian limit, the latter reads:
Ξ
i
i = βiβ jΣ
Cij, ΣCii = 0. (3.106)
In particular, we find ee = ΠCii.
The dynamics of conformal fluids is covariant under Weyl transformations. Those act on
the fluid variables as
ε→Bd+1ε, πi →Bdπi, QCi →BdQCi, Ξij →Bd−1Ξij, ΣCij →Bd−1ΣCij, (3.107)
where B = B(t,x) is an arbitrary function. The elements of the Carrollian geometry behave
as follows:
aij → 1B2 aij, bi →
1
B bi, Ω →
1
BΩ, (3.108)
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and similarly for the kinematical variable βi, the inertial and kinematical vorticity (3.85) and
the shear (3.86):
βi → 1B βi, ̟ij →
1
B̟ij, wij →
1
Bwij, ξ
C
ij →
1
B ξ
C
ij. (3.109)
The Carrollian inertial and kinematical accelerations (3.83) and (3.99), and the Carrollian
expansion (3.84) transform as connections:
ϕi → ϕi − ∂ˆi lnB, γCi → γCi −
βi
Ω
∂t lnB, θC →BθC − d
Ω
∂tB. (3.110)
The first and the latter enable to define Weyl–Carroll covariant derivatives Dˆi and Dˆt, as
discussed in App. A.2, Eqs. (A.82)–(A.93). With these derivatives, Carrollian expressions
(3.81), (3.82), (3.90) and (3.91) read for a conformal fluid:
E = − 1
Ω
Dˆtee − DˆiΠCi −ΠCijξCij, (3.111)
F = ΣCijξCij, (3.112)
Gj = DˆiΠCij + 2ΠCi̟ij +
(
1
Ω
Dˆtδ
i
j + ξ
Ci
j
)(
πi + βi
(
ee − 2βkΠCk − βkβlΣCkl
))
+
(
1
Ω
Dˆtδ
i
j + ξ
Ci
j
)(
βk
(
Π
C
ki −
1
2
βkΠ
C
i −
1
2
βkβ
l
Σ
C
li
))
, (3.113)
Hj = −DˆiΣCij +
1
Ω
DˆtΠ
C
j + Π
C
iξ
Ci
j. (3.114)
These equations are Weyl-covariant of weights d+ 2, d+ 2, d+ 1 and d+ 1.
The case of conformal Carrollian perfect fluids is remarkably simple. As quoted earlier
F =Hi = 0, and here
E = − 1
Ω
Dˆtε, Gj = 1
d
Dˆjε+
d+ 1
d
(
1
Ω
Dˆtδ
i
j + ξ
Ci
j
)
εβi. (3.115)
For these fluids the energy density is covariantly constant with respect to the Weyl–Carroll
time derivative.
3.4 A self-dual fluid
A duality relationship between the Zermelo and the Randers–Papapetrou background met-
rics exist and can be stated as follows [15]: the contravariant form of Zermelo matches the
covariant expression of Randers–Papapetrou and vice-versa (see Eqs. (A.1) and (A.28)).
This property is actually closely related to the duality among the Galilean and Carrollian
contractions of the Poincaré group [12], and has many simple manifestations. For example,
the reduction of a spacetime vector representation with respect to Galilean diffeomorphisms
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(2.9), (2.10), (2.18) is performed with the components V0 and Vi. Indeed, these transform as
V ′0 = JV0, V ′i = Vk J
−1k
i . (3.116)
When reducing under Carrollian diffeomorphisms (2.27), (2.28), (2.36), one should instead
use V0 and V i since
V ′0 =
1
J
V0, V ′i = JikV
k. (3.117)
The remarkable values wi = bi = 0 and Ω = 1 define a sort of self-dual background. If
furthermorewe require the fluid to be at rest, no distinction survives between perfectGalilean
and Carrollian fluids, as one readily checks that their equations are identical. The velocity of
light is immaterial in this case. As soon as the system is driven away from perfection, this
property does not hold any longer, because interactions are sensitive to c.
4 Examples
We will now illustrate our general formalism with examples for Galilean and Carrollian
fluids. The latter is the first instance of a fluid obeying exact Carrollian dynamics. It is
important both mathematically, as it makes contact with Calabi flows, and physically, for it
is relevant in gravity and holography.
4.1 Galilean fluids
We provide here two applications: the flat space in rotating frame, which is well known and
has the virtue of giving confidence to our methods, and the inflating space, combining both
time-dependence and non-flatness of the host S .
Euclidean three-dimensional space in rotating frame
We will present the hydrodynamical equations for a non-perfect fluid moving in Euclidean
space E3 with Cartesian coordinates, and observed from a uniformly rotating frame (see
(2.8)):
aij = δij, Ω = 1, w(x) = x×ω. (4.1)
For this fluid, the continuity equation is simply
d̺
dt
+ ̺divv = 0. (4.2)
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The Euler equation in first-order hydrodynamics, Eq. (3.58) reads:
dv
dt
= (ω × x)×ω + 2v×ω − grad p
̺
+
ηG
̺
∆v+
1
̺
(
ζG +
ηG
3
)
grad(divv), (4.3)
and we recognize the various, already spelled contributions to the dynamics. This equation
has been obtained and used in many instances, see e.g. [7, 34, 35]. We also find the energy
conservation equation (3.43):
∂t
(
̺
(
e+
v2 −ω2x2 + (ω · x)2
2
))
= −divΠG, (4.4)
with
Π
G = ̺v
(
h+
v2 −ω2x2 + (ω · x)2
2
)
− κGgradT − v ·ΣG(1) (4.5)
and
Σ
G
(1)ij = η
G (∂ivj + ∂jvi)+
(
ζG − 2
3
ηG
)
δij∂kv
k. (4.6)
Alternatively, using (3.32), the energy equation reads:
̺
d
dt
(
e+
v2 −ω2x2 + (ω · x)2
2
)
= −divpv+ κG∆T + div
(
v ·ΣG(1)
)
. (4.7)
The temporal variation of the total energy per mass is given by the divergences of the pres-
sure, the thermal conduction and the viscous stress fluxes.
Inflating space
The dynamics of a non-perfect fluidmoving on an inflating space can be studied considering:
aij(t,x) = exp(α(t)) a˜ij(x), Ω = 1, w = 0. (4.8)
The space dimension d is arbitrary here, therefore:
ln
√
a = d
α
2
+ ln
√
a˜ . (4.9)
The fluid equations obtained from (3.27), (3.32) and (3.42) become
∂t̺+
α′
2
d̺+ div̺v = 0, (4.10)
̺
d
dt
(
e+
v2
2
)
+
α′
2
(
̺v2 + dp− TrΣG
)
+ div
(
pv+QG − v ·ΣG
)
= 0, (4.11)
̺
dvi
dt
+ α′̺vi +∇ip−∇jΣGij = 0. (4.12)
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where α′ = dα/dt and TrΣG = aijΣGij.
The continuity equation (4.10) has an extra term proportional to ̺. This reflects the
change of density due to α′. For a static fluid one finds the familiar result ̺ = ̺0e−dα/2: for
a space expanding in time, the density is getting diluted. In Euler’s equation (4.12), a sim-
ilar term creates a force proportional to the velocity field. For positive α′, time dependence
acts effectively like a friction. A similar conclusion is drawn from the energy conservation
equation (4.11).
4.2 Two-dimensional Carrollian fluids and the Robinson–Trautman dynamics
Consider now a two-dimensional surface S , endowed with a complex chart (ζ, ζ¯) and a
time-dependent metric of the form
dℓ2 =
2
P(t,ζ, ζ¯)2
dζdζ¯. (4.13)
In this case the Carrollian shear ξC (3.86) vanishes. We assume that the Carrollian frame
has b = 0 and Ω = 1, and that the Carrollian kinematical variable β also vanishes. Hence,
the Carrollian inertial acceleration ϕ (3.83) and inertial vorticity ̟ (3.85) vanish together
with the kinematical acceleration γC (3.99) and kinematical vorticity w (3.100). We further
assume thatπ and Ξ vanish, so that the friction and heat-transport phenomena are captured
exclusively byQC and ΣC. Hence ee = ε, ΠCj = Q
C
j and Π
C
ij = paij.
We will here study a conformal Carrollian fluid. In this case (see (3.106)), the Gibbs–
Duhem equation reads
ε(t,ζ, ζ¯) = 2p(t,ζ, ζ¯), (4.14)
and the viscous tensor is traceless:
Σ
Cζζ¯ = 0. (4.15)
The generic set of equations of motion for the Carrollian fluid at hand is (see (3.111), (3.113),
(3.114))
E = 3ε∂t lnP− ∂tε− divQC = 0, (4.16)
G = grad p= 0, (4.17)
H = ∂tQC − 2QC∂t lnP− divΣC = 0, (4.18)
together with Eq. (3.112), F = 0, identically satisfied due to the absence of shear. Equations
(4.16), (4.17) and (4.18) are covariant under Weyl transformations mapping P(t,ζ, ζ¯) onto
B(t,ζ, ζ¯)P(t,ζ, ζ¯) with B(t,ζ, ζ¯) an arbitrary function.
The momentum equation (4.17) states that the pressure p is space-independent, which is
not a surprise for a fluid at β = 0 in a Carrollian frame with vanishing b and constant Ω. The
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same holds for the energy, due to the equation of state.
In order to proceed we must introduce some further assumptions regarding the heat cur-
rent and the viscous stress tensor. These quantities are rooted to the unknown microscopic
properties of the Carrollian fluids. As already mentioned earlier in Sec. 3.3, due to the ab-
sence of motion even at a microscopic level, it is tempting to assign a geometric rather than
a statistical or kinetic origin to Carrollian thermodynamics. We may therefore define the
Carrollian temperature as
κCT(t,ζ, ζ¯) =
〈
κCT
〉
(t) + κ′K(t,ζ, ζ¯)− κ′ 〈K〉 (t), (4.19)
where K the Gaussian curvature of (4.13):
K = ∆ lnP (4.20)
with ∆ = 2P2∂ζ¯∂ζ the ordinary two-dimensional Laplacian operator. The thermal conductiv-
ity κC is not constant in general because the identification with the curvature scalar endows
the product κCT with a conformal weight 2, whereas the temperature T has weight 1. We
also introduced a constant κ′ for matching the dimensions. In expression (4.19),
〈
κCT
〉
(t)
is an a priori arbitrary time-dependent reference temperature (times thermal conductivity),
and the brackets are meant to average over S :20
〈 f 〉(t) = 1
A
∫
S
d2ζ
P2
f (t,ζ, ζ¯), A =
∫
S
d2ζ
P2
. (4.21)
Equipped with a temperature, we define next the heat current as its gradient
QC = −gradκCT = −κ′gradK, (4.22)
following first-order Carrollian hydrodynamics, Eq. (3.103). Here, we assume this expres-
sion be exact, i.e. without higher-derivative contributions. With these definitions, the heat
equation (4.16) for the Carrollian fluid at hand reads:
3ε∂t lnP− ∂tε+ κ′∆K = 0, (4.23)
where we have used the equation of state (4.14). This is a dynamical equation for P(t,ζ, ζ¯),
given ε(t). Carrollian dynamics, within the framework set by our definitions of temperature
and heat current, is therefore purely geometrical and describes the evolution of the hosting
space S rather than the fluid itself. This is not a surprise because the fluid does not move.
Going in the Carrollian limit from a relativistic set-up, amounts to trading the dynamics of
the fluid for that of the supporting geometry.
20Here d2ζ = −idζ ∧ dζ¯. If S is non-compact a limiting procedure is required for defining the integrals.
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We must finally impose Eq. (4.18). As we mentioned in the general discussion of Sec.
3.3, this is not an evolution equation, but instead a constraint among the heat current, the
viscous stress tensor and the ambient geometry. Thus, we can integrate it using (4.22). We
find
Σ
C = −2κ
′
P2
(
∂ζ
(
P2∂t∂ζ lnP
)
dζ2 + ∂ζ¯
(
P2∂t∂ζ¯ lnP
)
dζ¯2
)
, (4.24)
up to a divergence-free, trace-free symmetric tensor. The viscous stress tensor for the Carrol-
lian fluid at hand is therefore geometric, as is the heat current, and both appear as third-order
derivatives of the metric. Actually, the effective expansion generally defined for Carrollian
fluids as in (3.96), reads here:
θC = −2∂t lnP. (4.25)
It enables to view ΣC as a velocity third derivative through the writing
Σ
C
ij = κ
′
(
∇i∇jθC − 12 aij∇
k∇kθC
)
. (4.26)
Notice that in the two-dimensional background under consideration (4.13), the viscous ten-
sor ΣC could not have received an ηC-induced first-order derivative correction as in (3.102)
because the Carrollian shear ξCij given in (3.97) vanishes here identically. However, since the
Carrollian expansion θC is non-zero, the absence of first-order derivative correction (3.102)
implies that for the fluid at hand ζC = 0.
Equation (4.23), which is at the heart of two-dimensional conformal Carrollian fluid dy-
namics, is actually known as Robinson–Trautman. It emergeswhen solving four-dimensional
Einstein equations, assuming the existence of a null, geodesic and shearless congruence [36].
In vacuum or in the presence of a cosmological constant, Goldberg–Sachs theorems state that
the corresponding spacetime is algebraically special and the whole dynamics boils down to
the Robinson–Trautman equation with ε(t) = 4κ′M(t) and κ′ = 1/16πG (using (4.20)):
∆∆ lnP+ 12M∂t lnP− 4∂tM = 0. (4.27)
In that framework, the time dependence of the mass function M(t) can be reabsorbed by
an appropriate coordinate transformation (see e.g. [37]) and Robinson–Trautman equation
becomes then
2∂ζ¯∂ζP
2∂ζ¯∂ζ lnP = 3M∂t
(
1
P2
)
(4.28)
with M constant related to the Bondi mass. This is a parabolic equation describing a Calabi
flow on a two-surface [38].
The reason why Robinson–Trautman appears both as a heat equation in conformal Car-
rollian fluids and as a remnant of four-dimensional Einstein equations is the holographic
relationship between gravity and fluid dynamics. The two-dimensional conformal Carrol-
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lian fluid studied here originates from flat Robinson–Trautman spacetime holography [16].
Similarly Robinson–Trautman equation is the heat equation for 2+ 1-dimensional relativistic
boundary fluids emerging holographically from four-dimensional anti-de Sitter Robinson–
Trautman spacetimes [28].
5 Conclusions
We can summarize our method and results as follows.
A general relativistic spacetimemetric is covariant under diffeomorphisms. When put in
Zermelo form, the data Ω(t), wi(t,x) and aij(t,x) transform under Galilean diffeomorphisms
t′ = t′(t) and x′ = x′(t,x) as they should to comply with the infinite-c non-relativistic expec-
tations. This observation is made by analyzing the relativistic particle motion and its classi-
cal limit. It provides the appropriate framework for studying the general non-relativistic
Galilean fluid dynamics as an infinite-c limit of the relativistic one. In this manner, we
have obtained the general equations i.e. continuity, energy-conservation and Euler, valid on
any spatial background, potentially time-dependent, and observed from an arbitrary frame.
These equations transform covariantly under Galilean diffeomorphisms.
Alternatively, one can study relativistic instantonic space-filling branes and the small-
c behaviour of their dynamics. The latter is invariant under Carrollian diffeomorphisms
t′ = t′(t,x) and x′ = x′(x), and Randers–Papapetrou form is the best designed spacetime
metric because the data Ω(t,x), bi(t,x) and aij(t,x) transform as expected from the non-
relativistic limit (which is actually ultra-relativistic). In Randers–Papapetrou backgrounds
one can study relativistic fluids and their Carrollian limit at vanishing velocity of light. This
limit exhibits a new connection, which naturally fits into the emerging Carrollian geometry.
One obtains in this way the general equations for the Carrollian fluids, manifestly covariant
under Carrollian diffeomorphisms.
Several comments are in order here.
The Carrollian set we have reached is made of two scalar and two vector equations. The
first scalar is an energy conservation, whereas the first vector is a momentum conserva-
tion. As there is no motion (due to c = 0), there is no velocity field. Nonetheless there is a
kinematical fluid variable (an “inverse velocity”) accompanied by the pressure and energy
density, related through an equation of state. We also find two heat currents and two viscous
stress tensors. The Carrollian-fluid data cannot be naturally encapsulated all together in an
energy–momentum tensor or an energy flux, as it happens in the Galilean case. Half of the
equations concern exclusively the heat currents and the viscous stress tensors, relating them
intimately to the ambient geometry and the Carrollian frame. We should stress here that we
have made a specific assumption on the small-c behaviour of the relativistic viscous stress
tensor and heat current, or equivalently of the transport coefficients. The number and the
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structure of the equations finally obtained reflects this unavoidable ansatz, inspired from the
holographic Carrollian fluids met in flat-space gravity/fluid correspondence [16].21 Going
further in understanding this ansatz, and the physics behind the equations of motion, would
require a microscopic analysis of Carrollian fluids.
Despite the absence of velocity field in Carrollian hydrodynamics, the concept of deriva-
tive expansion still holds. At each order one can define covariant tensors build on time and
space derivatives of aij, bi and βi, as we met at first order with the shear and the expansion.
The heat current and the viscous stress tensor can be expanded in these tensors, introducing
phenomenological transport coefficients of increasing order.
Regarding Carrollian hydrodynamics, one could exploit a radically different perspec-
tive. Instead of defining a Carrollian fluid as the zero-c limit of a relativistic fluid in some
Randers–Papapetrou background, one could simply try to build a fluid-like – i.e. continu-
ous – generalization of an instantonic d-brane, directly within a Carrollian structure. This
would promote the “inverse velocity” ∂it of the elementary d-brane described by t = t(x)
into an “inverse velocity field” reminiscent of βi + bi and transforming as in (2.32) under a
Carrollian diffeomorphism. This could be the starting point for designing the dynamics of
this new continuous Carrollian medium. Irrespective of the viewpoint chosen for describing
Carrollian continuous media, zero-c limit of ordinary relativistic fluids or d-brane contin-
uums, a great deal of fundamental thermodynamics, kinetic theory, derivative expansions,
equilibrium and transport dynamics remains to be unravelled.
In conclusion of our general work, we have presented some examples. Those on Galilean
hydrodynamics illustrate the power of the formalism for handling general, time-dependent
and curved host spaces, potentially observed from non-inertial frames. The example of two-
dimensional Carrollian fluid is interesting because it introduces the concept of geometric
temperature and treats dissipative phenomena exactly i.e. by solving explicitly all the equa-
tions but one, finally brought in the canonical form of a Calabi flow on the two-dimensional
surface. The Carrollian fluid dynamics translates into a dynamics for the geometry. This
example has important implications in asymptotically flat holography [16] of Robinson–
Trautman spacetimes.
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A Christoffel symbols, transformations and connections
We provide here a toolbox for working out the Galilean and Carrollian limits in the Zermelo
and Randers–Papapetrou backgrounds, and checking the covariance properties of the set
of equations reached by this method. These properties are bound to the emergence of novel
Galilean andCarrollian connections, and covariant derivatives, which are discussed together
with the associated curvature tensors. In the Carrollian case, an extra conformal connection
is also presented, relevant when studying conformal Carrollian fluids.
A.1 Zermelo metric
Christoffel symbols
The Zermelo metric (2.17) has components (in the coframe
{
dx0 = cdt,dxi
}
):
gZµν →
(
−Ω2 + w2
c2
−wkc
−wic aik
)
, gZµν→ 1
Ω2
(
−1 −wjc
−wic Ω2aij − w
iwj
c2
)
, (A.1)
where wk = akjwj. Its determinant reads:
√−g = Ω√a , (A.2)
where a is the determinant of aij. We remind that Ω depends on time only, whereas aij and
wi also depend on space.
The Christoffel symbols are easily computed. We are interested in their large-c behaviour
for which one obtains the following:
Γ
0
00 =
1
c
∂t lnΩ ++
wi
2c3Ω2
(
∂iw
2 + wj∂taij
)
+O (1/c5) , (A.3)
Γ
0
0i = −
1
2c2Ω2
(
wj∂iw
j +wj∂jwi +w
j∂taij
)
+O(1/c4) , (A.4)
Γ
0
ij =
1
cΩ2
(
1
2
(
∂iwj + ∂jwi + ∂taij
)− wkγkij
)
, (A.5)
Γ
i
00 =
1
c2
(
wi∂t lnΩ− aik
(
∂twk + ∂k
w2
2
))
+O (1/c4) , (A.6)
Γ
i
j0 =
aik
2c
(
∂kwj − ∂jwk + ∂tajk
)
+O (1/c3) , (A.7)
Γ
i
jk = γ
i
jk +O(1/c2) , (A.8)
where
γijk =
ail
2
(
∂jalk + ∂kalj − ∂lajk
)
(A.9)
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are the Christoffel symbols for the d-dimensional metric aij. Note also
Γ
µ
µ0 =
1
c
∂t ln
(√
aΩ
)
, Γµµi = ∂i ln
√
a . (A.10)
With these data it is possible to compute the divergence of the fluid energy–momentum
tensor (3.19) and (3.20).
Covariance
In order to check the covariance (3.35) and (3.37),
C ′ = C, E ′ = E M′i = J−1liMl ,
for the Galilean fluid dynamics under Galilean diffeomorphisms (2.9)
t′ = t′(t) and x′ = x′(t,x),
with Jacobian functions (2.10)
J(t) =
∂t′
∂t
, ji(t,x) =
∂xi′
∂t
, Jij(t,x) =
∂xi′
∂xj
,
we can use several simple covariant blocks. We first remind (2.11), (2.12), (2.13), (2.15):
a′ij = akl J
−1k
i J
−1l
j , v
′k =
1
J
(
Jki v
i + jk
)
, w′k =
1
J
(
Jki w
i + jk
)
, Ω′ =
Ω
J
,
implying in particular
v′k =
J−1ik
J
(
vi + aij J
−1j
l j
l
)
, w′k =
J−1ik
J
(
wi + aij J
−1j
l j
l
)
(A.11)
with
∂′t =
1
J
(
∂t − jk J−1ik∂i
)
, (A.12)
∂′j = J
−1i
j∂i. (A.13)
Consider now Ak and Bk, the components of fields transforming like vk or wk (gauge-like
transformation) and Vk a field transforming like v
k−wk
Ω
i.e. like a genuine vector:
A′k =
1
J
(
Jki A
i + jk
)
, B′k =
1
J
(
Jki B
i + jk
)
, V ′k = Jki V
i. (A.14)
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Consider also a scalar and a rank-two tensor
Φ
′ = Φ, S′ij = Skl J
−1k
i J
−1l
j . (A.15)
The basic transformation rules are as follows:
A′k − B′k
Ω′
= Jki
Ai − Bi
Ω
, (A.16)
1√
a′
∂′t
(√
a′ Φ′
)
+∇′i
(
Φ
′A′i
)
=
1
J
(
1√
a
∂t
(√
aΦ
)
+∇i
(
ΦAi
))
, (A.17)
∇′iV ′i = ∇iV i, (A.18)
∇′(iA′j) +
1
2
∂′ta
′
ij =
1
J
(
∇(kAl) +
1
2
∂takl
)
J−1ki J
−1l
j , (A.19)
∇′(iA′j) − 1
2
∂′ta
′ij =
1
J
(
∇(kAl) − 1
2
∂ta
kl
)
Jik J
j
l , (A.20)
∇′iS′ij = J jl∇iSil, (A.21)
1
Ω′
(
∂′tV
′
i + A
′j∇′jV ′i +V ′j∇′iB′j
)
=
J−1ki
Ω
(
∂tVk + A
j∇jVk +Vj∇kBj
)
, (A.22)
∆
′A′i + r
′m
i A
′
m + a
′
ika
′mn∂′tγ
′k
mn =
J
−1j
i
J
(
∆Aj + r
m
j Am + ajka
mn∂tγ
k
mn
)
. (A.23)
In the above expressions, ∇i, ∆ and rij are associated with the d-dimensional Levi–Civita
connection γijk displayed in (A.9).
As a final comment regarding Galilean covariance properties, wewould like to stress that
the action of ∂t spoils the transformation rules displayed in (A.14) and (A.15). This is both
due to the transformation property of the partial time derivative (A.12), and to the time de-
pendence of the Jacobian matrix Jij . A Galilean covariant time-derivative can be introduced,
acting as follows on a vector:22
1
Ω
DV i
dt
=
1
Ω
[(
∂t + v
j∇j
)
V i −V j∇jwi
]
=
1
Ω
dV i
dt
− 1
Ω
V j∇jwi, (A.24)
and resulting in a genuine vector under Galilean diffeomorphisms. Here, the frame velocity
wk plays the rôle of a connection, and the Galilean covariant time-derivative generalizes the
material derivative d/dt introduced in (3.29). The latter is covariant only when acting on
scalar functions f , hence we set D fdt =
d f
dt . Expression (A.24) is easily extended for tensors of
arbitrary rank using the Leibniz rule, as e.g. for one-forms:
1
Ω
DVi
dt
=
1
Ω
dVi
dt
+
1
Ω
Vj∇iwj. (A.25)
22For a detailed and general presentation of Galilean affine connections see [23, 24].
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Notice that the Galilean covariant time-derivative at hand is not “metric compatible”:
1
Ω
Daij
dt
=
1
Ω
(
∂taij + 2∇(iwj)
)
. (A.26)
This result is actually expected because a covariant time-derivative of the metric should be
interpreted as an extrinsic curvature. Indeed, expression (A.26) divided by 2c is exactly
identified with the spatial components Kij of constant-t hypersurfaces extrinsic curvature in
the Zermelo background (2.17), (A.1).
The commutator of covariant time and space derivatives reveals a new piece of curva-
ture, which appears in Galilean geometries, on top of the standard Riemann tensor associ-
ated with the spatial covariant derivative ∇i. It is encapsulated in a one-form dθG, as one
observes from: [
1
Ω
D
dt
,∇i
]
V i = V i∂iθ
G +∇j
(
V i∇i
(
wj − vj
Ω
))
, (A.27)
where θG is a scalar function introduced in (3.30) as the Galilean effective expansion:
θG =
1
Ω
(
∂t ln
√
a +∇ivi
)
.
This extra piece of curvature should not come as a surprise. It is a Galilean remnant of some
ordinary components of Riemannian curvature in the original Zermelo spacetime.
A.2 Randers–Papapetrou metric
Christoffel symbols
The Randers–Papapetrou metric (2.35) has components (in the coframe
{
dx0 = cdt,dxi
}
):
gRPµν →
(
−Ω2 cΩbj
cΩbi aij − c2bibj
)
, gRPµν → 1
Ω2
(
−1+ c2b2 cΩbk
cΩbi Ω2aik
)
, (A.28)
where bk = akjbj. The metric determinant is again given in (A.2):
√−g = Ω√a . (A.29)
Here, Ω, aij and bi depend on time t and space x.
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The Christoffel symbols are computed exactly in the present case:
Γ
0
00 =
1
c
∂t lnΩ + c
(
bi∂iΩ +
1
2
(
∂tb
2 − bibj∂taij
))
, (A.30)
Γ
0
0i =
(
1− 1
2
c2b2
)
∂i lnΩ +
1
2
c2bj
(
∂ibj − ∂jbi − bi∂j lnΩ
)
+
1
2Ω
bj∂t
(
aij − c2bibj
)
, (A.31)
Γ
0
ij = −
c
2Ω
(
∂ibj + ∂jbi + c
2bk
(
bi
(
∂jbk − ∂kbj
)
+ bj (∂ibk − ∂kbi)
))
+
cbk
Ω
γkij +
1− c2b2
2Ω2
(
1
c
∂taij − cbj (∂tbi + ∂iΩ)− cbi
(
∂tbj + ∂jΩ
))
, (A.32)
Γ
i
00 = Ωa
ij
(
∂tbj + ∂jΩ
)
, (A.33)
Γ
i
j0 =
1
2c
aik
(
∂t
(
akj − c2bkbj
)
+ c2Ω
(
∂jbk − ∂kbj
)− c2 (bk∂jΩ + bj∂kΩ)) , (A.34)
Γ
i
jk =
c2
2
(
bi
Ω
(
bj (∂tbk + ∂kΩ) + bk
(
∂tbj + ∂jΩ
))− ail (bj (∂kbl − ∂lbk) + bk (∂jbl − ∂lbj))
)
+γijk −
bi
2Ω
∂tajk, (A.35)
where γkij are the d-dimensional Christoffel symbols:
γijk =
ail
2
(
∂jalk + ∂kalj − ∂lajk
)
. (A.36)
Note also
Γ
µ
µ0 =
1
c
∂t ln
(√
aΩ
)
, Γµµi = ∂i ln
(√
aΩ
)
. (A.37)
With these data it is possible to compute the divergence of the fluid energy–momentum
tensor (3.72) and (3.73).
Covariance and the Levi–Civita–Carroll connection
In order to check the covariance (3.87) and (3.92),
E ′ = E , F ′ = F , G ′i = JijG j, H′i = JijHj
for the Carrollian fluid dynamics under Carrollian diffeomorphisms (2.27)
t′ = t′(t,x) and x′ = x′(x),
with Jacobian functions (2.28)
J(t,x) =
∂t′
∂t
, ji(t,x) =
∂t′
∂xi
, Jij(x) =
∂xi′
∂xj
,
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we can use several simple covariant blocks. We first remind (2.15), (2.31), (2.33):
a′ij = akl J
−1k
i J
−1l
j , b
′
k =
(
bi +
Ω
J
ji
)
J−1ik, Ω
′ =
Ω
J
,
and
∂′t =
1
J
∂t, (A.38)
∂′j = J
−1i
j
(
∂i − ji
J
∂t
)
. (A.39)
From the above transformation rules we obtains:
1
Ω′
∂′ta
′
ij =
1
Ω
∂takl J
−1k
i J
−1l
j , (A.40)
1
Ω′
∂′t ln
√
a′ =
1
Ω
∂t ln
√
a , (A.41)
∂′tb
′
i + ∂
′
iΩ
′ =
1
J
J
−1j
i
(
∂tbj + ∂jΩ
)
, (A.42)
∂ˆ′i = J
−1j
i ∂ˆj, (A.43)
where we have defined
∂ˆi = ∂i +
bi
Ω
∂t. (A.44)
In view of the basic rules (A.38), (A.39) and (A.40)–(A.43), it is tempting to introduce a
new connection for Carrollian geometry that we will call Levi–Civita–Carroll, whose coeffi-
cients will be generalizations of the Christoffel symbols (A.36):
γˆijk =
ail
2
(
∂ˆjalk + ∂ˆkalj − ∂ˆlajk
)
=
ail
2
((
∂j +
bj
Ω
∂t
)
alk +
(
∂k +
bk
Ω
∂t
)
alj −
(
∂l +
bl
Ω
∂t
)
ajk
)
= γijk + c
i
jk
(A.45)
with γijk and ∂ˆi defined in (A.36) and (A.44). We will refer to those as Christoffel–Carroll
symbols. They transform under Carrollian diffeomorphisms as ordinary Christoffel symbols
under ordinary diffeomorphisms:
γˆ′kij = J
k
n J
−1l
i J
−1m
j γˆ
n
lm − J−1li J−1nj ∂l Jkn. (A.46)
The emergence of this new set of connection coefficients should not be a surprise. Indeed
one readily shows that
h
µ
i Γ
k
µνh
ν
j = γˆ
k
ij, (A.47)
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where Γkµν are the d+ 1-dimensional Randers–Papapetrou Christoffel symbols (A.30)–(A.35),
and h µν the projector orthogonal to u= ∂t/Ω (as in (3.9), (3.67)).
The Levi–Civita–Carroll covariant derivative acts symbolically as
∇ˆ = ∂ˆ + γˆ = ∂ + b
Ω
∂t +γ + c =∇ + b
Ω
∂t + c. (A.48)
For example, consider Φ, Vk and Skl, the components of a scalar, a vector, and rank-two
symmetric tensor:
Φ
′ = Φ, V ′i = JijV
j, S′ij = Skl J
−1k
i J
−1l
j , (A.49)
the action of this new covariant derivative is
∂ˆiΦ = ∂iΦ +
bi
Ω
∂tΦ, (A.50)
∇ˆiV j = ∂iV j + bi
Ω
∂tV
j + γˆ
j
ilV
l
= ∇iV j + bi
Ω
∂tV
j + c
j
ilV
l, (A.51)
∇ˆiV i = 1√
a
∂ˆi
(√
aV i
)
(A.52)
∇ˆiSjk = ∂iSjk + bi
Ω
∂tSjk − γˆlijSlk − γˆlikSjl
= ∇iSjk + bi
Ω
∂tSjk − clijSlk − clikSjl. (A.53)
All these transform as genuine tensors, namely:
∂ˆ′iΦ
′ = J−1ji ∂ˆjΦ, (A.54)
∇ˆ′iV ′j = J−1ki J jl ∇ˆkV l, (A.55)
∇ˆ′iV ′i = ∇ˆiV i, (A.56)
∇ˆ′iS′jk = J−1mi J−1nj J−1lk∇ˆmSnl. (A.57)
Further elementary transformation rules are as follows:
1
Ω′
∂′tΦ
′ =
1
Ω
∂tΦ,
1
Ω′
∂′tV
′i = Jij
1
Ω
∂tV
j,
1
Ω′
∂′tS
′ij = Jik J
j
l
1
Ω
∂tS
kl , (A.58)
as well as
∇′iV ′i +
b′i
Ω′
√
a′
∂′t
(√
a′V ′i
)
= ∇ˆ′iV ′i = ∇ˆiV i =∇iV i +
bi
Ω
√
a
∂t
(√
aV i
)
, (A.59)
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and
∇′kS′ki +
b′k
Ω′
√
a′
(
∂′t
(√
a′ S′ki
)
− √a′ S′kj∂′ta′ij
)
− b′i2Ω′ S′kl∂′ta′kl = ∇ˆ′kS′ki =
= Jij∇ˆkSkj = Jij
(
∇kSkj + bkΩ√a
(
∂t
(
Skj
√
a
)− √a Skl∂tajl)− b j2ΩSkl∂takl) . (A.60)
Curvature, effective torsion and further properties of the Levi–Civita–Carroll connection
The Levi–Civita–Carroll connection is metric,
∇ˆiajk = 0. (A.61)
Furthermore, the usual torsion tensor vanishes:23
tˆkij = 2γˆ
k
[ij] = 0. (A.62)
However, the new ordinary (as opposed to covariant) derivatives ∂ˆi defined in (A.44) do not
commute. Indeed, acting on any arbitrary function they lead to
[
∂ˆi, ∂ˆj
]
Φ =
2
Ω
̟ij∂tΦ, (A.63)
where ̟ij are the components of the Carrollian vorticity defined in (3.85) (explicitly in (3.98))
using the Carrollian acceleration ϕi (3.83):
̟ij = ∂[ibj] + b[iϕj], ϕi =
1
Ω
(∂tbi + ∂iΩ) . (A.64)
Therefore, the Levi–Civita–Carroll connection has an effective torsion as one can see from
[∇ˆi,∇ˆj]Φ = ̟ij 2
Ω
∂tΦ, (A.65)
where Φ is a scalar.
Similarly, one can compute the commutator of the Levi–Civita–Carroll covariant deriva-
tives acting on a vector field:
[∇ˆk,∇ˆl]V i = (∂ˆkγˆilj − ∂ˆlγˆikj + γˆikmγˆmlj − γˆilmγˆmkj)V j + [∂ˆk, ∂ˆl]V i
= rˆijklV
j + ̟kl
2
Ω
∂tV
i.
(A.66)
In this expression we have defined rˆijkl , which are by construction components of a gen-
uine tensor under Carrollian diffeomorphisms in d dimensions. This should be called the
Riemann–Carroll tensor. It is made of several pieces, among which ∂kγilj − ∂lγikj + γikmγmlj −
23Discussions on Carrollian affine connections can be found e.g. in [24, 39, 40]. In particular, Ref. [24] provides
a general classification of connections with or without torsion.
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γilmγ
m
kj, which is not covariant under Carrollian diffeomorphisms – it is under ordinary d-
dimensional diffeomorphisms though. The Ricci–Carroll tensor and the Carroll scalar cur-
vature are thus
rˆij = rˆ
k
ikj, rˆ = a
ij rˆij. (A.67)
Notice that the Ricci–Carroll tensor is not symmetric in general: rˆij , rˆji.
We would like to close this part with two remarks regarding Carrollian geometry and
in particular Carrollian time. As readily seen in (A.58), acting on any object tensorial under
Carrollian diffeomorphisms, the time derivative ∂t provides another tensor. For this reason,
it was not necessary to define any “temporal covariant derivative”. Our first remark is that
the ordinary time derivative has an unsatisfactory feature: its action on the metric does not
vanish. One is tempted therefore to set a new time derivative ∂ˆt such that
∂ˆtajk = 0, (A.68)
while keeping the transformation rule under Carrollian diffeomorphisms:
∂ˆ′t =
1
J
∂ˆt. (A.69)
This is achieved by introducing a “temporal Carrollian connection”
γˆij =
1
2Ω
aik∂takj. (A.70)
Calling this a connection is actually inappropriate because it transforms as a genuine tensor
under Carrollian diffeomorphisms:
γˆ′kj = J
k
n J
−1m
j γˆ
n
m. (A.71)
In fact, the trace of this object is the Carrollian expansion introduced in (3.84):
θC =
1
Ω
∂t ln
√
a = γˆii, (A.72)
whereas its traceless part is the Carrollian shear defined in (3.86):
ξCij = γˆ
i
j −
1
d
δijγˆ
i
i = γˆ
i
j −
1
d
δijθ
C. (A.73)
The temporal connection γˆij appears also as the zero-c remnant of the mixed projected rela-
tivistic Randers–Papapetrou Christoffel symbols, as in (A.47):
c
Ω
U
µ
0 Γ
k
µνh
ν
j = γˆ
k
j. (A.74)
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The action of ∂ˆt on scalars is simply ∂t:
∂ˆtΦ = ∂tΦ, (A.75)
whereas on vectors or forms it is defined as
1
Ω
∂ˆtV
i =
1
Ω
∂tV
i + γˆijV
j,
1
Ω
∂ˆtVi =
1
Ω
∂tVi − γˆjiVj. (A.76)
Leibniz rule generalizes the latter to any tensor and allows to demonstrate the property
(A.68). Indices can now be raised and lowered with the metric passing through ∂ˆt.
The above Riemann–Carroll curvature tensor of a Carrollian geometry appears actu-
ally as the zero-c limit of the spatial components of the ordinary Riemann curvature in
the Randers–Papapetrou background.24 In the same spirit, one may also wonder what the
Carrollian limit is for the temporal components of the relativistic Randers–Papapetrou cur-
vature, and this is our second and last remark. In order to answer this question, we must
compute the commutator of time and space covariant derivatives acting on scalar and vector
fields, as in (A.65) and (A.66). We find:
[
1
Ω
∂ˆt, ∂ˆi
]
Φ =
(
ϕi
1
Ω
∂t − γˆji∂ˆj
)
Φ, (A.77)
and [
1
Ω
∂ˆt,∇ˆi
]
V i =
(
∂ˆiθ
C − ∇ˆjγˆji
)
V i +
(
θCδ
j
i − γˆji
)
ϕjV
i +
(
ϕi
1
Ω
∂ˆt − γˆji∇ˆj
)
V i (A.78)
with ϕi and θC the Carrollian acceleration and expansion (A.64), (A.72). We can define from
this expression the components of a time-curvature Carrollian form:
rˆi =
1
d
(
∇ˆjγˆji − ∂ˆiθC
)
=
1
d
(
∇ˆj ξˆCji +
1− d
d
∂ˆiθ
C
)
. (A.79)
Using ̟kl, rˆi and time derivative in the framework at hand, many new curvature-like (i.e.
two-derivative) tensorial objects can be defined. We will not elaborate any longer on these
issues, which would naturally fit in a more thorough analysis of Carrollian geometry.
24This statement is accurate but comes without a proof. Evaluating the zero-c (or infinite-c, as we would
do in the Galilean counterpart) limit is a subtle task because in this kind of limits several components of the
curvature usually diverge (see e.g. [16], where the rôle of curvature is prominent). From the perspective of the
final geometry this does not produce any harm because the involved components decouple.
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The Weyl–Carroll connection
The Levi–Civita–Carroll covariant derivatives ∇ˆ and ∂ˆt defined in (A.48), (A.75) and (A.76)
for Carrollian geometry are not covariant with respect to Weyl transformations (3.108),
aij → 1B2 aij, bi →
1
B bi, Ω →
1
BΩ. (A.80)
We can defineWeyl–Carroll covariant spatial and time derivatives using the Carrollian accel-
eration ϕi defined in (A.64) and the Carrollian expansion (A.72), which transform as connec-
tions (see (3.109)):
ϕi → ϕi − ∂ˆi lnB, θC →BθC − d
Ω
∂tB. (A.81)
For a weight-w scalar function Φ, i.e. a function scaling with Bw under (A.80), we intro-
duce
DˆjΦ = ∂ˆjΦ +wϕjΦ, (A.82)
such that under a Weyl transformation
DˆjΦ →BwDˆjΦ. (A.83)
Similarly, for a vector with weight-w components V l:
DˆjV
l = ∇ˆjV l + (w− 1)ϕjV l + ϕlVj − δljV iϕi. (A.84)
The action on any other tensor is obtained using the Leibniz rule, as in example for rank-two
tensors:
Dˆjtkl = ∇ˆjtkl + (w+ 2)ϕjtkl + ϕktjl + ϕltkj − ajl tkiϕi − ajktilϕi. (A.85)
The Weyl–Carroll spatial derivative does not modify the weight of the tensor it acts on.
Furthermore, it is metric as (akl has weight −2):
Dˆjakl = 0. (A.86)
It has an effective torsion because
[
Dˆi,Dˆj
]
Φ =
2
Ω
̟ijDˆtΦ +wΩijΦ, (A.87)
although this expression does not contain terms of the type DˆkΦ. We have introduced here
Ωij = ϕij − 2
d
̟ijθ
C, (A.88)
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where ̟ij are the components of the Carrollian vorticity defined in (A.64), and
ϕij = ∂ˆiϕj − ∂ˆjϕi. (A.89)
Both Ωij and ̟ij are components of genuine Carrollian two-forms, and Weyl-covariant of
weight 0 and −1. However, ϕij are not Weyl-covariant, although they are also by construc-
tion components of a good Carrollian two-form.
In Eq. (A.87), we have used a Weyl–Carroll derivative with respect to time Dˆt. Its action
on a weight-w function Φ is defined as:
1
Ω
DˆtΦ =
1
Ω
∂ˆtΦ +
w
d
θCΦ =
1
Ω
∂tΦ +
w
d
θCΦ, (A.90)
which is a scalar of weight w+ 1 under (A.80):
1
Ω
DˆtΦ →Bw+1 1
Ω
DˆtΦ. (A.91)
Accordingly, on a weight-w vector the action of the Weyl–Carroll time derivative is
1
Ω
DˆtV
l =
1
Ω
∂ˆtV
l +
w− 1
d
θCV l =
1
Ω
∂tV
l +
w
d
θCV l + ξCliV
i. (A.92)
These are the components of a genuine Carrollian vector of weight w+ 1 (the tensor ξCli is
Weyl-covariant of weight 1). We have used (A.75), (A.76) and (A.73) for the second equal-
ities in (A.90) and (A.92). The same pattern applies for any tensor by Leibniz rule, and in
particular:
Dˆtakl = 0. (A.93)
We will close the present appendix with the Weyl–Carroll curvature tensors, obtained by
studying the commutation of Weyl–Carroll covariant derivatives acting on vectors. We find
[
Dˆk,Dˆl
]
V i =
(
Rˆ
i
jkl − 2ξCij̟kl
)
V j + ̟kl
2
Ω
DˆtV
i + wΩklV
i, (A.94)
where
Rˆ
i
jkl = rˆ
i
jkl − δijϕkl − ajk∇ˆlϕi + ajl∇ˆkϕi + δik∇ˆlϕj − δil∇ˆkϕj
+ϕi
(
ϕkajl − ϕlajk
)− (δikajl − δilajk) ϕmϕm + (δikϕl − δilϕk) ϕj (A.95)
are the components of the Riemann–Weyl–Carroll weight-0 tensor, from which we define
Rˆij = Rˆ
k
ikj, Rˆ = a
ij
Rˆij. (A.96)
Notice that the Ricci–Weyl–Carroll tensor is not symmetric in general: Rˆij , Rˆji.
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Eventually, we quote [
1
Ω
Dˆt,Dˆi
]
Φ = wRˆiΦ− ξCjiDˆjΦ (A.97)
and [
1
Ω
Dˆt,Dˆi
]
V i = (w− d)RˆiV i −V iDˆjξCji − ξ
Cj
iDˆjV
i, (A.98)
with
Rˆi = rˆi +
1
Ω
∂ˆtϕi − 1
d
∇ˆjγˆji + ξCjiϕj =
1
Ω
∂tϕi − 1
d
(
∂ˆi + ϕi
)
θC (A.99)
the components of a Weyl-covariant weight-1 Carrollian curvature one-form, where rˆi is
given in (A.79).
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